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1.0

LIST OF SYMBOLS

Definition

Dimensionless parameter of the Matheau

equation that governs stable solutions of

v (1.

Axial, circumferential,and normal components

of acceleration of the shell element.

Boundary value coefficients determined

from initial conditions.

The kth element in the matrix-{C#}(s).

Constants determined from nth mode shape

of a uniform beam at the center of mass.

Constants in the determinantal expressions

of f%O(T) and Vjo(r).

Constants in the determinantal expressions

of ﬁ-“’(r ), V”’(T) and W“((r ).
ik

-~ g

Displacement function (from consideration

of the shell as a beam) in the u direction .



£°(=1,1)

*
£ (+1,7)

£°E, 0)

fmn(g 6 )

fl(x, 8, t), fz(x, 8, t),

£4(x, 6, t)

fl(g, 8s 1) fz(E’ 8s 1)

£5(8, 6,1)

Fl(x’ e’ t)’ Fz(x’ e’ t)’

FB(X’ e, t)
FI(ES Bs T)s FZ(E’ &, ),
F3(5’ e’ T)

Displacement function at ¢ -1 [}eft end

of beam (cylinder ):] .

Displacement function at § = +1 |right

end of beam (cylinderi].

Displacement function at t = 0 (initial

conditions),

Assumed displacement function for the
shell displacement in the w-direction
that satisfies the boundary conditions at

£ = -1 and ¢ = 41,

Intermediate forcing functions due to
acceieration components a s 3y 2, determined

for a moving coordinate system.

Dimensionless intermediate forcing functions.

Intermediate forcing functions from consider-
ation of gravitational component and

acceleration components.

Dimensicnless intermediate forcing functions.

Acceleration of gravity.



g*( Es 1)

g (-1, 1
g*(+1, 1)

8*(5, 0)

gmn( £ 0)

Gl(x’ e’ t)’ Gz(x’ e, t)’

G3(X, e b4 t)

Gl(ﬁse’ > GZ(E;’G,T)’

G3( E’ e"r )

* *

h (g 1)=g (g, 1)
% *
h(-l,T)=g('1’T)
E(+1, 1) =g (+1, 1)

h'(& 0) =g (& 0)

h _(50)

Displacement function (from consideration

of the shell as a beam) in the v-direction.

Displacement function at § = -1.

Displacement function at & = +1.

Displacement function at T = 0 (initial

conditions).

Assumed displacement function for the shell
displacement in the v-direction that satisfies

the boundary conditions at £ = -1 and €= +1.

Final forcing functions

Dimensionless final forcing functioms.

Thickness of cylindrical shell

Defined earlier

Assumed displacement function for the shell
displacement in the w-direction that satisfies
the baundary conditions at £ = -1 and £ = +1.
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i, j, k, my n, p, x, s Summing indices used in the report.

I Mass moment of inertia of the shell about
a line through the center of mass perpendicular

to elements of the cylinder.

K Directional control factor determining the

direction of thrust.

£ ] Laplace Transform notation.
L Half length of cylinder,
m

Total mass of an equivalent beam 2L in length,

M Total mass of the cylindrical shell 2L in
length,

My Limit on the summing indices j and m.

Mx’ Me, Mxe, Mex Moment resultants in the shell.

n ' Index defining the particular beam mode.

N1 Limit on summing indices k and n.

N> Ng, Nxe, Nex Stress resultants in the shell

N £ Dimensionless stress resultant in the

£ -direction.



Dimensionless parameter.

Distributed surface force in the axial

direction.

Distributed surface force in the

circumferential direction.

Distributed surface force in the radial

direction.

Expression for the forcing terms associated

with time displacement Ul

Forcing expression in equation of motion
for UOk(r).
Forcing expression in equations of motion

for Ujo(r) and VjO(T).

Forcing expression in equations of motion

for Ujo(r) and VJO(T),

Laplace transform of [PJO(T)JI.
Laplace transform of EJO(")]Z.

Dimensionless parameter of the Matheaw

equation that governs stable solutions of

V(1).



qA(r)

Translation term of the beam (considered
zero since equations of motion are written

for a moving coordinate system),

Rotation term of the undeflected axis of

the beam (cylinder).

Generalized coordinate associated with

¢n(5) defined later.
Shear résult#nts in the shell.

Forcing expression associated with Ujk(T),

ij(T),and ij(f).

Forcing expression associated with Ujk(r),

ij(r),and ij(T).

Forcing expression associated with Ujk(T),

ij(r),and W, (1),

ik

Laplace transform of [bjk(r)—

-
Laplace transform of [ij(‘f) 5 -

Laplace transform of [éjk(T)
Radius of the cylindrical shell, also used as
an index in the section STABILITY ANALYSIS.
Maximum value of the index r.

Summing index used in the section STABILITY

ANALYSIS,

Maximum value of the summing index s.
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T(t)

T(T)

(o]
N
N

phL

p—

e |
Il
[l [

u(x, 8, t)

u(g, 8, 1)

(g s 8, 1)

u*( E; 6, T)
Yok

jo

jk

Real time variable.

Thrust function in time t.

Thrust function in dimensionless time T.

Magnitude of the steady state thrust per
unit length applied around the bottom of

the shell.

Dimensionless parameter,

Axial deflection component referenced to

the moving reference frame.

Dimensionless component.

Axial deflection component written for real

variables x, 8, and t.

Dimensionless axial deflection component.

Assumed dimensionless displacement that

satisfies the boundary conditions.

Beam action contribution to u(&,0 ,1 ),

Fn

£

rt
-
fl
>

[+
f=
c
(¢
(]

Tr /1)
\ */

“0k
Value of U,.(1) at 1t = 0.
jo

Value of Ujk(T) at T =0,



Ubk(T)

Ujo(r)

U ()

u (1)
Ujo(r)

Ujk(r)

v(x, 6, t)

v( £, 8, )

V(g 6 1)

*
v (E, 9, T)

Ok

jo

Orthogonal function of

coordinate Uon(T) used

Orthogonal function of

coordinate UﬁQ(T) used

Orthogonal function of

coordinate U (T) used
mn

Generalized coordinate

Laplace transform of Uj

the generalized

in Galerkin procedure.

the generalized

in Galerkin procedure.

the generalized

in Galerkin procedure,

in u(§, 9, 1),

Laplace transform of UjO(T).

k(T)-

Circumferential deflection component

referenced to the moving reference frame.

Circumferential deflection component

written for real variables x, 9,and t.

Dimensionless circumferential deflection

component.,

Assumed dimensionless displacement component

that satisfies the boundary conditions.

Beam action contribution to v(§&, 6, T),

Value of Vok(r) at T

Value of V, (t) at t =

jo.
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_— —_— . —

Vjo(r)

ij(r)

an(r)
Vjo(t)

ij(r)

W(x, 6, t)

W( £ 6, T)

w(g, 6, 1)

w*(ﬁ, 0, 1)

Ok

jo

Value of ij(t) at T = 0,

Orthogonal function of the generalized

coordinate Von(T) used in Galerkin procedure.

Orthogonal function of the generalized

coordinate Vmo(r) used in Galerkin procedure.

Orthogonal function o the generalized

coordinate an(T) used in the Galerkin procedure.

Generalized coordinate in v(&, 6, 1),
lLaplace transform of VJO(T).
Laplace transform of ij(T).

Radial (positive inward) deflection component

referenced to the moving reference frame.

Radial deflection component written for
real variables x, 6, and t.

Dimensionless radial deflection component.

Assumed dimensionless displacement component

that satisfies the boundary conditions.

Beam action contribution to w(&, 6, T).
T =

Value of ka( ) at Tt = 0.

Value of ij(T) at T =0,



jk

Wok(t)

WJO(T)

ij(t)

ij(r)

[l et

Value of W_, (1) at T =
jk

Orthogonal function of

coordinate Won(T) used

Orthogonal function of

coordinate Wmo(t) used

Orthogonal function of

coordinate W (1) used
mn

Generalized coordinate

the generalized

in Galerkin procedure.

the generalized

in Galerkin procedure.

the generalized

in Galerkin procedure.

in w(g, G, 1).

leplace trausform of ij(T).

Laplace transform of Wj

Coordinate of the shell in the axial directicn.

(O

Coordinate of the cylinder at the center of

mass in the axial direction.

Dimeusionless coordinate of the cylinder at

the center of mass in the axial direction.

Displaced axis of the moving reference frame.

Coordinate of the shell in the circumferential

direction.

Coordinate of the cylinder at the center

of mass.
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!
D

Il
=

Yl

Greek Terms

<
Il
o»—al'__b—l

ij
A(B)

A(0)

Dimensionless coordinate of the cylinder

at the center of mass.

Displaced axis of the moving reference frame.

Coordinate of the shell in the radial direction.

Axis of the moving reference frame.
Definition
Stability parameter of the solution for V(7).

Ratio of the magnitude of sinusoidal time

varying thrust per unit length to To'

Kronecker delta.
Infinite determina=nt.
Value of infinite determinant A (g) for g = 0.

Term used in writing the stability equations

for the dynamic solution.
Summation symbol.
Dummy variable used in convolution integrals.

Tangential shell coordinate.
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by
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'r—wlt

-2 T
"7 %
¢

X(8)

<
N

-y

N

Dimensionless radius parameter,

Dimensionless parameter.

Poisson'!s ratio of shell material.

Dimensionless axial shell coordinate.

Elements of the infinite detemminant A(8).

Constant of value 3.1416.

Mass per unit volume of the shell material.

Dimensionless parameter.

Dimensionless time.

Dimensionless time.

Mode shape symbol,

Mode shape of the nth vibration mode of the

free-free beam,

Function used in Matheaw function consideration.

Rigid body rotation of the cylinder about

the center of mass.
Rotation of the cylinder at Tt = 0.

Circular frequency symbol used in report.



ml, h)z, U.)3, eee W

“%x

n

lLateral bending frequencies of the free-

free beam.

Natural frequencies of the cylinder involving

only circumferential mode shapes.

Natural frequencies of the cylinder involving

only longitudinal mode shapes.

Natural frequencies of the cylinder involving
both longitudinal and circumferential mode

shapes.

Circular frequency of the sinusoidal

component of the applied frequency.

Solutions of the unstable values of Q

associated with the shell modes.
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3.0 LIST OF SPECIAL TERMS AND INTEGRALS

Certain terms and integrals appear repeatedly in the report so

letters and numbers have been assigned to them. A listing of these

terms and integrals appear below:
= oJk mZ][Jk mz]_ jky2 i
Ak {[ 22 = (w7 ] %33 - Cuy) (C33) (3.0-1)
- jk Jk m 27 ik ,jk -
Bk {[Clz [33 (wyye) ] 13 €323 (3.0-2)
- jk [ndk _ _ ik ik _
i {013 [ - W) ] cf cik (3.0-3)
_ jk j m 2 ik ik i
Dy {c c - “’jk)] C15 023} (3.0-4)
E — CJk B 2] [CJk (wm )2] _ (Cjk)Z (3.0-5)
ik [ 33 jk 13 ’

_ jk m 2] . oJk Lk -
Fix €23 [Cu (w5 12 C13 (3.0-6)
- jk ik _ m 2]_ jk ik _
Gk {Cw [sz wy) )= €4, C23} (3.0-7)
3 jk [k m 2 jk K i
Hoe = {Czs [Cu ) ] - C12 C13} (3.0-8)
_ ik mZ][jk_ mZ]_ jky2 _
L {[cu Wi’ o3y - Wi - cip (3.0-9)

127 1 2w
POO(T) = -——1—2- fjc (g, 8, t)dede + [f —B—SJ——T—J dede
4n(l-v)
=10
+1 21r
r..2 _*I- \ '3 el
\1W)A Lo ¥ \ty TJ/S1i010)
jj YT dede
10
+1 2=
B * = _]
- v b (E’az) o8 4edo (3.0-10)
id J
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+1 2n

Py (D) = - ——— j[ G, (£ 8 1) cos ke deds
27(l-v )u .

-1 0
+1 2w )
*
[ M—i——ﬂl cos ko dgde
i 3
+1 27 -
el [Jf 2 (g (géa;)sm"] cos ko dgds
-10
+1 27
[/ 3l (e, r) c0s€l oo ko deds (3.0-11)
-1 0
1 2w
1 ‘ im
Po(t) | = - —=5— fj G1(g, 8, ) cos < (E+1) dEds
jor 71 20(1-v2)y { ' ’ ?
+1 2% o %
[f ? L (6 O g 3T (r41) aras
-1 0 %
+1 2%
s .
(1 VA [f Esa%é 1) sing] -121 (g+1) dede
-1 0
+1 2n
*
ff 3[h (Eagt) cos®] os 4T (£+1) dgde
170
(3.0-12)
PjO(T) ) ———lT {GB(E’ 8, 1) sin ‘121 (g+1l) dede
21!(1-\) )u L
+1 27

ff ___ja&aég, Dl gin AT (e+1) daeds

+1 217 *
+ 2 ff ﬁ(g’a? sind] sin 121 (E+1) dEd6
-1 0
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+1 2

jj [h*(ﬁ, 1) cosf] sin ‘121 (E+1) d&de

-1 0
9 +1 2w
-5 ,/,[ M (€, 1) cosd] sin " (e+1) dede (3.0-13)
-10
+1
Q. (1) . = A1k ag*(§, 1) j_q_
k() -————-—2(1+\’)u cos (g+1) dg
+l 2n
1
ij(r) 9 = - T f[ G (&, 8, 1) sin ‘11 (E+1) sin kO dede
m(l-v" )y
-10
+1 2% 2
A r r o [,_ s \ . A .
- Z—(T'F\T)—u- J j & (:gz‘t)Sln ol sin ‘]21 (E+1) sin k6 dede
-10
(3.0-14)
+1 2w
1 .
Q,, (1) , = « ——r ff G,(g, 8, 1) sin ‘]1(£+1) cos ko dgde
ik 1 3 (1w 3 ’ 2 3
-10
+1 27
A
- fj —af—(gé—-)—sinj—(g+1)cosk6 dgde
“(1"\) )u _1 0
+1 2n
+—_— ff [h (€, 1) cos@] sin le (£+1) cos k8 dede
12n(1l-v )u
-10
(3.0-15)
+1
0= f cos 321 (£+1) de =0 for all j (3.0-16)
-1 +1 .
o= | €stn A (gn) ar (3.0-17)
JV
-lJf+1
=) sin AT (&41) qc (3.0-18)
14
in =f ¢ (8) sin 121 (E+1) dE (3.0-19)
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4.0 INTRODUCTION

The dynamic response of a large rocket booster, idealized as
a free-free, thin-walled cylinder shown in Figure (1) is iﬁvestigated
in this analysis. Powered flight simulation is produced by a gimbaled,
time-varying end thrust controlled by sensors located at the center of

mass as shown in Figures 2(a) and (b).

The analysis presented in this report represents a continuation
of an earlier analysis by Hill (ref. 1), who in a response sﬁudy investi-
gated the simply-supported case. The additional instabilities reported
in Section 10.0, STABILITY ANALYSIS, represent the coupling effect from
consideration of beam action, not considered in the previously mentioned

analysis.
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5.0 EQUATIONS OF MOTION

5.1 Equations of Motion of the Shell Element

Using the sign convention of Figure (1), the equations of motion

of the shell element as given by langhaar (ref. 2) and as used by Hill "

(ref. 1) are as follows:

where the rotary inertia of the shell has been disregarded.

aNx 1 Ne
+2-—2 4P =0ha
X r 99 b4
N N Q
x0 1 0 0 _
o™ +;ae -_1-+P9_phae
3Q Q
x , 1 8 1
X +-; ) +—Ne+Pz
M M
X 1 0x
3x+; F]:] -Qx 0
3Mxe 1 aM@ + -0
3x " r 36 T Qg
=1
Nox ~ Nxo = 1 Mox

(a)

(b)

(e)

(5.1-1)
(d)

(£)

All terms

used in the above equations of motion are defined in the LIST OF SYMBOLS.

5.2 Newton's Laws of Plane Motion

locating the moving coordinate system at the center of mass of the

cylindrical shell shown in Figure (2) and using Newton's Laws of plane

motion (note:

are written

the angle ¥ is in the X-Y plane), the equations of motion

20



|
|
Figure 1 SIGN CONVENTION FOR COCRDINATES, DISPLACEMENTS,

eavaal AN L0

STRESS RESULTANTS, AND MOMENT RESULTANTS IN
THE THIN-WALLED CYLINDRICAL SHELL
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Figure 2(a)

UNDEFLECTED CYLINDER IN THE MOVING
(X, Y, Z) COORDINATE SYSTEM

Figure 2(b)

71

DEFLECTED CYLINDER IN THE MOVING (X', Y'!', Z!)
COORDINATE SYSTEM WITH ORIGIN ALWAYS AT THE
CENTER OF MASS. (NOTE THAT THE X' Y' COORDINATES
CONTINUE TO BE IN THE XY PLANE)

22



MX = 27t T(t) cos (K + 1)¥ - Mg (a)

MY = 2"r T(t) sin (K + 1)¥ (b) (5.2-1)

Iy = -27r L T(t) sin KV (c)

where the assumption is made that the deformation does not change the-

half length nor the mass moment of inertia of the cylindrical shell.

5.3 Expressions for the Axial, Circumferential, and Normal Components

of Acceleration

Kinematics of a moving point will yield expressions for as 3 s and
a, in terms of u, v, and w,the shell displacements, and X, Y, and ¥,

the coordinates of the reference frame, as follows:

2
a = du + X cox¥ + Y sin¥ - r cos®V -X‘J’z
X 2
ot
+2W(+:: sin.+%cos6 ) (a)
2 2 . . .
ag =-a—‘2’ + (r cosb¥ ™ - X¥ - Y cos¥ + X sin¥) sin® (5.3-1)
ot
-
-zwa—t- sinb (B)
a 2 2 . L4 ..
a, =4 ¥ 4 (r cosBY - XV - YcosV+ X sinV ) cosf
3 t
-2w5—a‘_1 cos 6 _ (c)

The underlined terms are Coriolis terms and will be neglected in the

subsequent analysis.

Substituting the expressions for as a6 s and a, into equations

(5.1-1), eliminating the shearing forces Q, and Qg in equations (5.1-1)(d) and (e)

23



and adding the acceleration of gravity terms, renders the three following

equations:

Ny 1 Moy 2%y
Y ;T+Px=oh?+fl (x, 6, t) + phg cosy (a)
oN oN oM M 2
1 76 6, 1 "x¢ 1 8 — 3v
;ae'i-ax +; ax-rz 38 +Pe*phat2+f2 (x)e,t)
+ phg sin ¥sinb (b) (5.3-2)
2 2 2 2
Ly o1 2%x oo 1 aMe 12,
r 6 3538 3x2 r 9x36 YY) Z
32w
=fh — + £, (x, 8, t)
at
+ phg siny cost (c)
where
£,(x, 8, t) = ph(X cos¥ + ¥ siny - r cos®¥h - xi’z) (a)
£,(x, 8, t) = ph(X sin¥ - ¥ cos¥ + r cos8d 2 - xb) sin® (b)  (5.3-3)

f3(x, 8, t) = ph(X siny - Y cosy + r c059¢2 - x$) cos®  (c)

5.4 Approximate Relations Between Stress and Moment Resultants and

Displacements

The following approximate relations between the stress resultants
and the displacements will be used to write equations (5.3-2) in terms

of the displacements u, v, and w.

~-Eh_ | u _ v v _
Y T2 [8x+r<36 W)] (a)



o

M =D
X
Me=-D
Mxe = -Mex

<

(b)

(c)

(d) (5.4-1)

(e)

(£)

Substituting equations (5.4-1) into equations (5.3-2) renders the

following:

gu (1 -v) 32u 82v
2 " 2 2 9% 30
ax 2r” a8 v
2
(1+y) g u_ (1-v) +_l_
2r ax 306 2 2
r
2 3
4 h < azw + 5
12r ax 06
_ (1-v)

25

w _ (1 - v2)

l<

2

+ fl(x, 8, t) - P

o‘“'a >

Ir
at2 - (a)

1



N u 1 v w _h ,_.a"wza% +34w

r 9x 2 3o 2 12r 4 r 2,..2 3.4
r 36

(c)

2 3 3

- - ]

- 1% <2rv i §v3) - (lEv 2| on 7+ E3(x, 0, £) - P
ax 96 r 36 ot

3

5.5 Simplification of the Equations of Motion In Terms of the Shell

Displacements

As advanced by Donnell (ref. 3), and as recently considered by Yu
(ref. 4) the components u and v are considered to be of the order of
magnitude w vh/r then the last two terms on the left side of equation
(5.4-2b) and the last term on the left side of equation (5.4-2c) are
of a higher order than all of the others and may be neglected. The

equations are therefore reduced to the following simpler form:

32u + 4 -v) 32u 4 () 2%y Vv (1'“2) ph 2%y
ax2 2r2 362 2r 0x90 ~ ¥ ax Eh at2
+ f1 (x, &, t) -Px (a)
() 2, Qew v, Ay 1w ashf ah
2r  9x230 2 2 2 .2 "2 39 Eh |°* 2
9x T 3 r ot
(5-5-1)
+ fz(x, e, t) 'Pe (b)
v o Lw o ow k.2 % 1 a%
r o r2 2¢ r2 1 8x(+ r2 3x2392 r4 a0 3

2 2
_ (1-v) AW
= Eh [Dh atz + fa(x) e, t) - PZJ (C)



It can be seen that neglecting the above mentioned terms is equivalent

v

36
in the expressions for the change in curvature and the twist of the

to neglecting the term-%? in equation (5.1-1b) and the terms

v
9x

middle of the shell.

and

The simplified equations become

2

a u _ (1-v) 82u 4+ () 32v VoW _ (1-v2) p(azu )
2x2 2¢2 262 2r  3x36 r 3x E a2
+-F1(x, 6, t) (a)
(1) 2%y L (1-v) a2y + L ﬁ 1 _ 3w
2r 9x96 2 2 2 27 2 L)
ax b o 30 r
(1-v7) 32 \
=y o( TN+ Folxs 6, ) (B)  (5.5-
E 2 2
ot
va 1o 1w o anhl ek
r 3x 2 98 2 1 v E P 2
r r ot
+ Fy(x, 6, t) (c)
where
1-v2 '
Fl(x, 6, t) = En (f1 - Pl) (a)
1 v2
Fz(x, 6, t) =—E-ﬁ-—- (f2 - P2) (b) (5.5-3)
1-v2
F3(X, 6, t) = T (f3 - P3) (c)



5.6 Transformation to Dimensionless Equations

In order to present the equations of motion in dimensionless

form the following parameters will be used

E:% , T =wt, A = L/r
E‘—u/L, ;=V/L, w=w/L
2 2
P w
o =h/L, _PLey
H = E 9

The equations of motion beaome

2. 2— 2. 2 2
2 5+ (1;’) 22 22+ (1;‘_”) A g ;’e - VA g—‘g”= ___Z(l'E\’ pwi 220
13 26 & a1
+ G1(€9 8, T)
v, afm L1y 2%, 2% L2 _ (1)) 0w 2 2%y
2 T3E38 2 2 02 38 E 1" 3.2
+~G2(£, 6, 1)
u 2 W 2= o® —4— (1 v2) 2 .2 82;
— 4+ —_— - — = = X
Mgt -5 T = Pl L =5+ 6,(E, 0, ©)
where

Gl(g, 8, 1) = IFI(E’ 8, T)
G,(& 8, T) = IF,(E, 6, 1)

GB(E, 8, 1) = IF3(£, 8, 1)
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(a)

(5.6-2)
(v)

()

(a)

(b) (5.6-3)

(c)



and

a2 362 (5.6-4)

n
“
~

Intermediate and Final Forcing Functions

5.7.1 1Inertial Forces

Using the dimensionless coordinates
Y
X, =3, v =1, t=ut (5.7-1)

o} [0}

the inertial forces in equations (5.3-3) can be written in dimensionless

form as follows:
2 ce I cz
= 7 ind - S cosd -
fl(g, 8, 1) thui (Xo cos¥ + Yo sin¥ ¥ cos vE ) (a)

fz(g, 6, 1) =0 hLu&z(io siny - §o cosV +'%¢ 2 cos® -i& ) sing  (b)

(5-7‘2)
£.( 8, 1) = phLw 2(§ sin¥ - Y cos¥ +~£i 2 cos® -VE) cose (c)
3V 8 1 1 Yo o L
5.7.2 Distributed Surface Forces
Since only the gimbaled thrust T(t) is considered in the analysis
the distributed forces Pl’ P2, and P3 in equations (5.5-3) are written
Pl(e, t) = T(t) cos KV - pgh cosV (a)
D /fa &) — T(+) d4n Vb 4+ noh cfdnihlainB (h)
LA\ Vy L Tl A\N&G ) o4l Ny o FHLL D4 T oas N~
2 L J (5.7-3)
P3(e, t) = -l:T(t) sin Ky + pgh sinﬂ cos © (c)
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In terms of dimensionless time parameter T = wlt the equations are

written
Pl(e, 1) = To(l- Ycos Q1) cos Ky - pgh cosv
Pz(e, ) = -[?0(1 - ycos Q1) sin Ky + pgh siné] sing
P3(e, 1) = -[To(l - Ycos Q1) sin K¢ + pgh sinw] cosf
where

Pt
1

5.7.3 Final Forcing Terms

(a)

(b)

(c)

Substituting equations (5.7-2)and (5.7-4) into equations (5.6-3)

the final forcing terms in dimensionless form are written

T . .
Gl(E, 8, 1) = (l-vz)tl['le-YcosﬁT) cos KY ~ & cost -¢ 25] (a)

A

2 T - ‘1’ 2 s
Gz(g, 8, 1) = (1-v") ul- 7;(1-Ycosﬂr) sin K¢ + — cosf - ¥ s] sin6

A

T

2 .-
G3(g, 0, 1) = (l-vz)u - Eg(l-ycosﬁt) sin Ky +-;F cosb - wZEJ coso

where 2 2
oL wy
YT TR
and
T
T = °
= 2
° phL uiz
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(5.7-4)

(5.7-5)

(b)
(5.7-6)

(e)

(5.7-7)

(5.7-8)



6.

6.0 GALERKIN METHOD

1 General

The method of solution of equations (5.6-2) will be the Galerkin

procedure used earlier in Technical Memo #38, where the advantages of

the method were listed in CONCLUSIONS, p. 46 of that memo.

6.2 Approximating Forms Used in the Galerkin Procedure

Rewriting the equations of motion (5.6-2)

2 2_ —

228, (1-v) 2 90 (), 3% 3w
ar? 2 202 2 9£00 13
J2=
(l-v )u—7+G (g, 6, 1) (a)
T
an) 27T, (-w) %W, 2 5% 2 oW
agae 2 2 202 26
)2,
_‘(IV)IJ 2+G(£9 8, T) (b)
T
- 2 2_
23V 2—  o° =4h_ _ 2. 3w
VA EE + X 36 ~-A W - 13 Vw ={(l-vi)u 312
+ G3(€9 es T) (C)

The Galerkin procedure requires the use of assumed approximating

functionsg for E, Vv, and w in the above equations.

chose the approximating forms

In this analysis we

M N
ae, 0, )= I I U (1) £_(E 8) + u (€, 1) (a)

31

(6.2-1)



N
(e, 8, 1) = Ly V() g (6, 8) +v(E, 8, 1) (b) (6.2-2)

& =
o]

M N
) *
(e, 0, )= Ly 20 W (1) b (E, 8) fw (g, 8, 1) (c)
where

* * l-v2 To - 52
u (g, 1) =€ (, 1) = - i 5 (1-ycosQt) cos ky (&- 7) (a)

|

vi(E, 8, 1) =g (£, 1) sin 6 (b) (6.2-3)
W*(g, 8, 1) = h*(i, T) cos 6 (c)

and
fmn(g, ) = cos %F (g¢+1) cos np (a)
8an(6s 8) = sin Z- (£41) sin ne (b) (6.2-4)
hmn(E, 8) = sin %; (&+1) cos nd ()

* * *
It can be seen that the functions £ (¢, 1), g (&, 1), h (¢, 1),
fmn(g, 8), gmn(g, 8) and hmn(g, 8) satisfies the boundary conditions
at £ = -1 and £ = +1. Additionally, as shown in APPENDIX A, the
assumed forms for u, v and w satisfies the stress resultant-displacement

relationship which renders the required edge loading.

(N) = -To(l - YcosRt) cos ky (a)

Nede= o1
(6.2-5)

(N =0 (b)

e= +1
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The significance of the indices m and n in £ (€5 8), 8.n(€s 8)s

and hm(%;, 8) can be more easily understood by referring to the vibration

shapes of Figures 3(a) and 3(b) and the nodal arrangement of Figure 4.

6.3 Resulting Equations After Use of the Galerkin Method

Substituting the approximating functions t, ¥, and % and their

required partial derivatives into equations (6.2-1), multiplying the

first, second, and third resulting equations by the orthogonal functions

fjk(g, 8), gjk(g, 6) and hjk(g, 8), respectively, and forming double

integrals, we have the following results:

M
z
=0

1 2
N
n§=0 Elwz)ufffm(i, 6) fjk(g, ) dEde] ﬁmn(f)
-10

)fjk(e, 8) dcde:, U (1)

P 12n - 2
. f ) fmn(";’ 5) + (1-v) A2 ) fnm(g’ 8)
352 2 30
=10
2 g £, O
(1+V) 2 'mn
- 3 ff 3£30 fjk(ﬁ, 6) d&de :\ an('r)
L
21r-1 0
" Froh (5, 0)
+_"A_/,f_—af__ fjk(g, 8) dz&] wm(r)
-10
12w

2’6 ¢, 1)
- T
—-ffcl(g,e,x)fjk(e,e>dsde+ff o2 EEs 8) dedo

2% |
1 2nw _
'rf(1+\')l 32[8*(5’1)51114 £ fr a1\ a
=10

127

*
3[1 €, 1) cose]
+ VA-],’/’ Y fjk(g’ 8) dede

-10
J=1, 2, .as, Ml
k= 1’ 2’ ...’ Nl
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Figure 3(b)

AXTAL VIBRATION SHAPES FOR THE FREE-FREE,
THIN-WALLED CYLINDER

34

n = n =3 n 4
Figure 3(a) CIRCUMFERENTIAI. VIBRATION SHAPES FOR THE
FREE-FREE, THIN-WALLED CYLINDER
..x.j
m T T ST e e
e e
[}
I
. |
|
//'—&\
m =1 m =2 m =3



Axial Node

Circumferential Node

Figure 4 NODAL ARRANGEMENT OF A THIN~WALLED CYLINDER
FOR THE QASE OF m = 4%, n = 3
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930

+ (1'\) )UIIS (59 ) g (E’ 8) dEde] V;mn(T)

-10

1 21v[_ ( ) 2 )
=) 86 0, 378, (6 ©)

121'r )

h (s, 9)
f[ jk(g, 6) dgde] Wmn(r) ?

1 2'" 1 2
+

1 2n

2r *
- 3 ] ‘T)si
(12\’) ff g (E,zr)s ne] gjk(g’ 8) d&de

-10

_ 1 21r82f ( ,
R ECEIOMN mn' &2 O

1 2n ]

( ; 8
ff P E T)Sm 8, (£» 0) dEdO

12n-10

2 a(n" 8
+ 2 ff v L) °°s]gjk<€, 6) d&ds

-10

1 (6.3-2)
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-~

1 2n
l‘g \ (F, ) '|
-5 v j f Jk(E, 6) dedé JUmn( );
-1 0

12w

[ 2 agmn(C’ 8) 1
-1 J

5 by (5 0 dede | v (D)

-1
1 27

+]| (l-v )u ff mn(&, 6) h (E 9) dé’,de] (1)

-10
m

2
2
f[k (g 0) + 3= & b (6, 8) ] hjk(a, 8) d £deo )wmn(r)
10

1
+(
12 12

*
= G,(£ 8 h, - 2af (e o)
ff (g, 0 th(E, 8) dede vxf Y hjk(g, 8) dede
-1 0 10

ff B[g (£, 'r) sin 6_] h (£ 8) dEdS
2

+ 2 ffh (g, 1) cosH h (C, 8) d&de
g

4
%) 7 Be o cos o) b (e, 0) atas
-1 0

-+

(6.3-3)
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6.4 Remaining Equations After Consideration of the Indices j and k

6.4.1 For j=m=0, k=n=0

1 2w

2 .
(1-\) )U 4n UOO(T) = - ffcl(g’ es T) d€ do

10
1 2n 1

2m
+ A f (e ;g cos 4 4e4p

-1 0
6.4.2 For j=m=0,k=n=1, 2, ..., Nl
2 - (1-yv) ,2,2 _
(1-v" )y (2m) UOk(T) + ATkT (2r) Uok(r) =
1 2 1 217
ff (&, 8, 1) cos k& d&ds -I—-[‘f—-f——(g-g— cos k6 dgde
-1 0 12n2 -1
<1+v>xff "¢, »sind 0 oga
3E36
- vxff {h (& T) coe g cos kb deds
-10
6.4.3 For j=m=1, 2, ... ,Ml,k=n=0
12
( (1.\,2)u [cos (£+1)] dede ) ()
\ -1 0
) 1 2n
+(-121)f [eos 47 (&) | d€d9) o(D)
1 -.1 0 \
+{vA (le)f cosjzl (éH-l)]2 ac’,oﬁ} olT)
-1 0

38

1 2n
2r.% ) *
2% (5, 1) (1) , 3% (€, 1) sin
-ff 352 d€de - ff—-z-.—x _2.& ggae jdgde
-10 1 <10

(6.4-1)

(6.4-2)



2

- ffGl(C, 6, 1) cos ‘2]l (6+1) d&de
-1 0

1 2n

2 * .
-ffa—gg-é-T—) cos ‘2]1 (E+1) d&de
s

1 2n
./fjf &; ¢, 1) sin d
dEa 6
=L 0

-1 0

~
L

(1+v) 2
1

1

2T
(.

o

*
{:h (e T) c0=6_-]

2n
(\»)\(J—) j[s.m .2 \€+1) déda) UjO(T)
0

1 2n

+ ((1-v2)u Jf-['%in %} (£+1)}2 d€qde
0

-
i
+

12
! 2 r,,
-f-()\ L
-1 1

2

N

2
1
-1

T -

2[ JB(E, 1) sin 6]si

4 , i
uy J[;/ Ein %}-(g+1)]‘ dEds
10

(l_

2

2

f (¢y 0, 1) sin '21- (£+1) dgde
0

g

i

(£+I)J dt dg

WjO(T)

Wio(0)

sin l— (g+1) dede

r—tr——L
TN O

+
>
|28
\«
o
~
fad

G

os 47 ¢ +1)

AT (g+1) qeav

W o)

in
n - (g+1) dede

d£d6

(6.4-3)

(6.4-4)



6.4.4 For j=m=1, 2, ..., Ml; k=n=1, 2, ..., N1

2
inm +2(1-V)A k )" U, ( y - (l'h:))\ jk

(l-v Juw Ujk(r) + %

k(T)
2 1,217

VA jm '
+ 2 W (o) = - ffcl(g, 8> 1) cos L5~ (¢+1) cos ke  dEdd
-10

2
f f [f (E: T)} cos i. (E+1) cos k6 d&ds
-1 0

. (o ff 2’ [g" (£, 1) sin g

3230 co *]21 (E+1) cos k6 dede
1 2% O

+ A ff a[bce, T) cos 6] I (£41) cos ko dede (6.4-5)

Rearranging (dividing thru by (1—\)2) um)

Uy (¥) i 209 % LS R
1 4(1.\) W jk 4(1- vy

ij(r )

1 2
+__J_._ W. (T)=

G,(g, 0 )cosﬂ(+1) ko ds
2(1_v . ik uv(l-v : f 1 . 5 (g+l)cos dg

-1

1 2na
2r. %,
j’f 2° [£ (%r)] cosizl(gﬂ) cos k8 dfdf
13

-1 0
1 2 2
4 (v [[ [e"cE, 1) sing] _

9596

-123'— (E+1) cos k8 didd

s.

1 1r

j' uL‘1 (£, 1) cos 6] c

3 os -%1 (E+1) cos K8 dgde| = [ij(r )]1 (6.4-6)

-1
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' 2 2 2
1+ k L) - i :
¢ 2\,) 4 277 Ujk(T) n (l-vz)un ij(-r) +[(1 vg] LANE xzkz}' ij(r)

- kn W (r) = - ij (g, 8, 1) sin 121 (g+l) sin ke deds

2m

2 £ )
[ 35'50\6 21 2 gin (;+1) sin ko dgde
0

1 o

(1-v) , 8

) 2\) [f [g (& 21) sin ] J_ (g+1) sin ke dé&de
-10 ’

1 2n 2[.
8
f ‘[ g (E’ 1) sin ] (€+1) sin ko6 d&de

12
aLh ’ 8 ]
f[ ("5, ©) cos o] sin 4L (£+1) sin ke d&de (6.4-7)
-1 0

Rearranging (dividing thru by (l-vz)mr)

_Jkam__ (T)+v(r)+(1“)j" + 827"

4(1l-y)y 8(1-v Ju

ij(t)

1 2w
Ak 1
j 2. / f G,(¢, 6, 1) sin -721 (§+1) sin k6 dEde

[}
N
=
=
~
~
~
Il
]

2 %
1+ 3 f i
+ =5 A f f E, 1) gin -1T (¢+1) sin ko dede

2
- 9 ]
(1-\) a(. .
== - j f & (Egg;) 2108 sin le (E+1) sin k6 dide

0
1 2
2
+a f f 2’ [g” &, ;) sin 9] dx (£+1) sin ke d& do
T o a6

Y f 3[n” (£, 1) cos o)

n B
= sin 45 (£+1) sin ko dgdo| = [ij(T )]2 (6.4-8)
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2
o 2 2 .
VA ‘1—‘2 Ujk(r) A km ij(r) + (1-v )um ij(r)

2
2 2.2 A
__ LS i
+ A+ {()A—ZAk()—I—)‘ ]nwjk(r)
127
= - ff G3(€, 6, T) sin-lzl(g—i-l) cos k8 d&dé
0
12
- vxfj A&_(é_;_]_ sm‘]—(€+1) cos kO dede
-10
12n

. fj ig (53 T) sin 9] 1n_12_1r (&+1) cos ke d&de

-1 0

Rearranging (dividing thru by (1-\32)1‘l T™)

2
]TW)\ U.. (1) - k) vV, (1) + W, (1)
(1-v )u Jk (l-vz)u 3k jk

1222 + 02<J——— + k2 2) 2

* W, (1)
k
12(1-v Yu J
1 27
1 rr o ‘
= . 2 j j GQ(E, 0, T) sin “2'— (E+1) cos kb dEdé
(1-v7)yun =
1 2
3 f* .
+ VA J/' f =T ag sin ‘% (£+1) cos kO dEde
-1 0 ,
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1
\2 /'j alg (gJ 1) sin o] sin Jg_ (E+1) cos k8 dEdS
10

J
1 2w
2 * in
- f f [h €, v cose] sin <5~ (§+1) cos k6 dgdo
-1 0

1
- 0—2 f Jr h (&, 1) cose] sin-j- (g+1l) cos ke dgd‘l= [o.. (Tﬂ3 (6.4-10)

L3
-1 0 J
6.4.5 Simplification and Summary of the Equations
-~ 127 1 27
Uoo(0) = - ———— ff G,(€, 8, 1) dgde +ff il (5’ T) dE o
4r(l-v )y ‘
-10 -10
1 2w
+ (+vw [ f 32[8 (£, 1) sin 9] de
2 ) 3£38 dz
-1 0
1 o)
[ f o[’ (i’afg) cos ] g | = PooT) (6.4-11)
y ]
j=0
k=0
1 2

kZAZ

. 1
UOk(r) 200700, Uok(r) m ff Gl(E, 8, 1) cos ko d&de
-1

2
[ [ [f (E’ T)] cos k6 dEds
dt,
-1 0

I 2
2r %
N (1-2}-\))>‘ f f 3 [& (&, 1) sin 9] cos k6 d&de

0£d0

(6.4-12)

Ok(T)

1 2r ~ ]
-vxff 3h(§,3§) 05 6l cos k6 dede | =P
1
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2 2

O(T)""J_z" Ujo(‘r)+ A—j-IZL— WjO(T) -—.__.2_

4(l-y )y 2(1-y )y 271~y )y
1 27
[ f f GI(E, 6, T) cos % (&+1) dede
10
L 2
+ j f o Le” (—5’ :9)| cosl—(gﬂ) dede
-1
1 2n
o2[g"
g (£, t) sin e]
3£28 (E+1) d&de
-1
1 2m ¥ ]
[ f alh (&, ‘) cos 8 -’zﬂ (E+1) dCdG:I = [P. (r):l (6.4-13)
jo 1
10
1=1,2, ey
k =0
2
\)A . r 1 2'44
—_— e U, (1) + W, (1) + 2 + 21T ]w,"-
2(1-v%)y 10 jo |.(1-v2)u 192(1-v2)u J 9077
_ 1 1 '
= . - [63(5, 8, 1) sin 4L (&+1) d&dd

2 12
2m(1-v2 )u
fof[sin I (&) ® azae
1

1 2m
* .
+ v fj—ié—iaff gg 2 sin 4T (&) dede
-10
1 27
2 .
+ f J( alg’ 141 ‘) sin g sin 4 (£+1) d&de
-1 0
1 2«
2 * hul
- h (€, T) cos & sin <= (E+1) &
-10
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1 2n
2 .
-5 / f 7 (e, © cosg sin 4 (etD) dgde] = [Pjo('r)] ) (6.4-14)
1o

Finally, the equations may be written

L" + 2(1 \))A k . KATw
(T) + 4(1- v » Ujk(T) 4(1‘\))11 ij('t)
jk AT _
Ty, s [ij(”]l (6.4-15)

_Jkam (1) + V., (1) + (1-v)j ﬂ2 + 8A2k2

) V., (1)
4(1-v)u Jk jk 5 (1. 2 S e
kA2
) (1-V2)u ij(T) —[ij(r)]z (6.4~16)
_J__ k>‘2 .
U, (1) « ————— Vv, (1) + W, (1)
(1-v )“ K (1-v2) k jk
2 2 2
1232 + oz(JT”_ < :22)
' 12(1-v2)u wjk(T) = [ij(T)];; (6.4-17)

6.4.6 Initial Conditions

The initial conditions used in this analysis will be as follows

for t=0

M N mmw *
u(g, o, 0) =m£0 n£0 U €08 7~ (&+1) cos n® + u (g, 6, 0) (a)
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_ M N
v(g, 6, 0) = m£0 n£0

3 M N
W(g, 8, 0) = z z

=0 n=0 mn

where
W (g 0) = - 1;§?
V(g 8, 0) =
W (g, 8, 0) =
and
u_(0)
v_(0)
W_(0)

au
9T

aVv

9T

W

9T

will be imposed.

T

*
(E+1) sin n® + v (&, 6, 0)

(E41) cos no + w*(E, 8, 0)

2

—fl (1-y) cos kv (E-'g-)

g"(g, O)n sin 8

*
g (&, 0)n cosb

Il

(g, 6, 0)

(£, 8, 0)

condly, the initial conditions

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)

(6.4-18)

(6.4-19)

(6.4-20)

(6.4-21)

Prior to solving equations (6.4-11) thru (6.4-17) it will be necessary to

determine expressions for y(t), the rigid-body angle of rotation about the

*
center of mass, and for g (£, 1), the end displacement of the free-free

cylinder.
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7.0 DETERMINATION OF THE RIGID BODY ANGIE OF ROTATION

7.1 Solution of the Matheau Equation

Rewriting equation (5.2-1c)

dZw s 2rr L' T
2
dt I

and restricting ¥ such that sin Ky ® K¢ renders

dZw ) 2n r LTK
2
dt 1

where by changing to a dimensionless time T1= g t, and introducing
the dimensionless parameters

8" r LTK
_ o

2 (1 - ycos Qt) sin K¢ =0 (7.1-1)

(1 - Yeos )y =0 (7.1-2)

a = 2 q =73a- (7.1-3)

the equation may be written

2
¥ 4 (a - 2q cos 27)¥ =0 (7.1-4)

dti

Equation (7.1-4) is a particular case of a linear second order
differential equation with periodic coefficients considered as the

canonical form of the Matheau equation having different solutions

according to the values of the parameters a and q. The theory for the

solution of equation (7.1-4) is given in Mclachlan (ref. 5),

Tisserand (ref. 6), and Whittaker (ref. 7).

For cylindrical shells approximating the size of a large booster,

and considering the magnitude of the thrust, To’ that they encounter,
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proper range restrictions on the parameters a and q will be
O<ac<l 0<q £0.05 (7.1-5)

The solution of equation (7.1-4) takes different forms according to the
values of a and q. A stability for the Matheau function in the (a, q)

plane is shown on page 40 of Mclachlan (ref. 5).

Considering the range restrictions of relations (7.1-5) the stable

solution of equation (7.1-4) for q small and positive can be written

18T }"j ¢ i2rt

1
‘,’J(Tl) = e = 2r e 1 (7.1-6)

Substituting equation (7.1-6) into equation (7.1-4) and equating the
121"[1 .
coefficient of e to zero for r = - to + = yields the recurrence

relation

2
[a - (2r + B) ] C2r -q (C2r+2 +.02r-2) =0 (7.1-7)

Equation (7.1-7) is a linear difference equation and it can be shown

(see pp. 37 and 90 of Mclachlan, ref. 5) that

C2r+2

o\ +0 as r++te (7.1-8)
C2
r

4(r+l)

assuring the convergence of the series in equation (7.1-6). Dividing

r 2 1
equation (7.1-7) by L(Zr-% B - aJ renders

q —
c, + (c + C )=0 (7.1-9)
2r [(Zr + 8)2 -% 2r+2 2r-2
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which can be written as

CZr + g2r<02r+2 +.02r-2) =0

With r= ... =2, -1, 0, 1, 2, ... we obtain the system of linear

equations

+0+¢,C+ C

+0 +

+0 +

+0 +

For equation (7.1-6) to be a solution of the Matheau equation

equations (7.1-11) must be a consistent system of equations, i

0

4 TELLL,F 0+ 0+
T8l Cy FE Ly O 4
0 +EC, L G +EC,+
t+ 0+ 0 40y +
+ 0 + 0 + 0 + 5402 +

0

0

0

c

4

+ 0

+ 0

+ 0

C2 + 52C4 + 0

+ €4c

6

(7.1-10)
«=0
¢ =0
¢ =0
e=0  (7.1-11)
=0
e =0
=0
(7.1-4),
e€ay

they must be satisfied simultaneously, thus the determinant of their

coefficient must vanish.

A(B) =

49

The infinite determinant is written

0 (7.1-12)




When expanded this constitutes an equation in B.
Some of the properties of A(B) are as follows:

1. A(-8) =A(B), even function of B
2. A(B=2) =A(B) = A(B+2), periodic in 2 (7.1-13)
3. Only singularities of A(B) are simple poles which

occur when [(Zr + 8)2 - a] =0, i.e., B = a% - 2r and

B = -(a% + 2r).

Note that the function

X(8) = L - (7.1-14)

cos BT < cos 7 a

has simple poles at the same values of 8 ( the assumption is made that
a # 4r2, so 8 =0 is not a pole) while its period is that of A(B).

From the above statement it follows that the function

v(B) = A(B) = C x(B) (7.1-15)

will have no singularities if C is suitably chosen,so by Liouville's

theorem it must be a constant.

To determine C we proceed as follows: When B »® all of the £

in the infinite determinant tend toward zero, and the diagonal elements

lim aA(B) =1 (7.1-16)
3 -+ o

lim x(B) =0 (7.1-17)
B+
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and therefore

v(B) =1 7.1-18)
Then
CX(B) =4a(8) - 1 (7.1-19)
or
_ AB) -1 )
C= =S (7.1-20)
When B = 0,
x(0) = 1 T (7.1-21)
(1 - cos Ta®)

while the value of A(B) is A(0), and

fp ==, a g4’ (7.1-22)
(4" - a)

so equation (7.1-20) is written
Cc = [A(O) - 1] [1 - cos wa%] (7.1-23)
The preceding analysis has been based upon Whittaker (ref. 13).

The determinantal equation is satisfied if B is such that A(B) = 0.
Substituting this for A(B) in equation (7.1-15) and equating to

equation (7.1-20) renders

;?%7 = [1 - A(Oﬂ [1 - cos wa%] (7.1-24)

Substituting equation (7.1-14) into the above equation results in
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1

cos Bm = cos ma’ + ﬁ.- A(O)] ﬁ - cos wa%] (7.1-258)
=1 - A(0) [1 - cos Wa%] (7.1-26)

or

2
sin2 g" = A(0) sin2 Ea (a # 4r2) (7.1-27)

The values of B which satisfy equation (7.1-27) also satisfy the infinite
determinant, equations (7.1-12)., Hence B is determined if A(0) can be
evaluated. If q is small, see Tisserand (ref. 6), 4(0) is approximated

as

8(0) 1 - — 24— or ma? (7.1-28)
4a*(a - 1)

so that equation (7.1-27) may be written

2

5 4+ "9 %

4a%(a - 1)

cos BT = cos T3 sin ma (7.1-29)
Various numerical examples have indicated that only three terms

of the series in equation (7.1-6) are sufficient to render an adequate

solution of equation (7.1-4) for the restricted ranges of a and q in

equation (7.1-5). Thus C4 and all higher order coefficients and C_4

and all lower order coefficients are considered as zero. The

linear difference equation [équation(7.1-7ﬂ yields for r = 1 the

following:

0
q
C, = (¢, +¢/,) (7.1-30)
2 a - (2 + B)Z 0 4
and for r = -1 . 0
C ., = (c, +¢/ ) (7.1-31)
-2 a - (8 - 2)2 0 =4



For r = 0, equation (7.1-7) provides a check, we should have

2 2 1 1
(a -87)=q +
a - (2 +-B)2 a- (8 - 2)2 (7.1-32)

How well equation (7.1-32) is satisfied is a measure of the adequacy of
the solution. Since the solutions of the Matheau equation (equation 7.1<4)
are arbitrary to a constant multiplier, an assigned value of Co = 1

results in

— q - q
c ., = , C, = (7.1-33)
"2 L (B . 2)? 2 a2 +8)?

Referring to equation (7.1-6) and restricting the series to three

terms, the general solution of equation (7.1-4) is written

w(rl) =a; [C-Z cos (2-8)‘5 + cos Brl + C, cos (2+8)T1}

(7.1-34)
+-a2 [-C_2 sin (2- @Tl + sin BTl +-02 sin (2+B)Tl]
. Q. 0 .
Since T; =3t =5, T, equation (7.1-35) can be written for time T
1
* * *
v(t) = a; {C_z cos (2-B)Q2 t +cos B2 1 + C, cos (24 B)Q T}
(701"35)
*, % 7':-]
+a, | -C_, sin (2-8Q 1 +sin B 1 + G, sin (2+ B9 TJ
where
*
g = Ti‘ (7.1-36)
1
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7.2 Expression for the Angle of Rotation

| v(t) = a,|C., cos (2-8) 5%— T + cos Bf%_ T kG, cos (2+8)
L 1 1
+ a,|-C , sin (2-8) LU T + sin B—Q”“t+ C, sin (2+B)
2L =2 2w1 2‘”1 2

Vim g = %o =ay (1 +Cy +C_,)

il
€l
©

dy U
d T =0 - 2(1)1 az[B + (2+8) Cz - (2- B) C_Z]

For initial conditions

v(0) =¥, s

Equation (7.2-1) can be written

3
= Q
v(t) = L A cos T
where A. =2 C _
1 17-2 =A0C,, (a)
Yo (b)
= a, = .
LT TTEg ve,
Ay = 3,0y = 4,0 (c)
and
Q
91 =(2-8 3¢ (a)
1
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‘ The expression for the angle of rotation ¥(T) is written

(7.2-1)

(7.2-2)

(7.2-4)

(7.2-5

~’

(7.2-6)

(7.2-7)



8 = 52—2— (b)
(7.2-7)

R
|
-~
[
+
w
-
4

(c)

7.3 Results
The important results of Section 7 are summarized below,

1. The general solution of the Matheau equation [équation(7.1-4)]
is given by equation (7.1-6).

2. The a's in equation (7.1-35)are determined from initial
conditions by equation (7.2-2) and (7.2-3).

3. The C's in equations (7.2-2) and(7.2-3) are determined by
equations (7.1-33),

4. The value of the infinite determinant of equation (7.1-12)
when g= 0 is determined from the equation (7.1-28).

5. The stability parameter Bis determined from either equation

(7.1-27) or equation (7.1-29).
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8.0 END DISPLACEMENTS

8.1 Method of Determination

The transverse displacement (restriccted to the x-y plane) at the

ends of the cylindrical shell will be determined as follows:

A. The free-free cylinder will be treated as a free-free beam
(see reference 8) of equal mass and length.
B. The transverse displacement equation of a previous analysis

will be used since solutions are fully detailed.

8.2 Application of Beam Theory For the Free-Free Beam

The generalized displacement equation is written

8*(g1T) = qpét ngl q (V) ¢ (&) (8.2-1)
where
95 - rotation of the undeflected beam (cylinder) axis about
the center of mass.
qn(T) - generalized coordinate associated with ¢n(€)
¢n(5) - nth vibration mode shape of a free-free beam (cylinder).

See Figure 5 for mode shapes.

Since the beam under consideration will be a free-free beam, ¢n(€) is

written
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Figure 5 SINGLE SPAN BEAM HAVING FREE-FREE END CONDITIONS
SHOWING THE SHAPES OF THE FIRST FEW NATURAL MODES
OF VIBRATION IN FLEXURE

)
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#a() = cosh 51 (:91) + cos 4 (741) - a [stnh A2 (141)

| + sin Q-F (f2+1>] (8.2-2)

Properties of this function ¢n(£) are listed in Timoshenko (ref. 9) and
Young (ref. 10) so there is little need for further discussion except

that ¢n(£) satisfies the differential equation.

a*s
n_ _ Ana 6
dg4 n (8.2-3)
where
xn n EI st
and
w, - lateral bending frequency of the nth mode of the free-free beam

m - mass per unit length of beam

2L - length of the uniform beam, (the beam length of 2L was chosen
to cenform to the cylinder length)
EI - bending stiffness of the uniform beam.

8.3 End Displacements and Derivatives

The spatial and time derivatives of the displacement equations are

as follows:

g (& 1) = qp(n)e by a () e (8) (8.3-1)
g (6, V) =qy(rg + L q () ¢ (e) (8.3-2)
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N

EE, T =q0 + 2 q @) o)

"* N n 2 1"

€, 1) = I n<r><7) 6"(6)
* N
B¢, ) = I g <r>(%‘) o"E)

neek N

The above terms will be substituted into equations, as need, in

subsequent evaluation of terms.

)\n4 L4
Fen =5 a0() ae

n

N 4
g () (-‘21) o_(8)
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(8.3-5)
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9.0 SOLUTION OF THE ORDINARY DIFFERENTIAL EQUATIONS

9.1 Laplace Transformation of the Equations

Equations (6.4-13) and (6.4-14) are rewritten

2 2 .
U,0(e) + —J;—- Uo(t) + —J%— Woolo) = [P.O(‘r)]l (9.1-1)
J 4(1-v" )y 2(1-v" )y J
. - 192 2 + 4 4 2
]wv;__ U.O(T) +-W.O(T) + A g T o W‘O(T) = [PjO(T)]2 (9.1-2)
2(1-vHu J 192(1-v)u J
Transforming the above equations
(sz+cjo)ﬁ()+cj°ﬁ()=[§() + su +{10 (9.1-3)
117 750 T 12 “j0°T j0rTj 30 0 :
|
|
N Ujo(T) + (s" + c22) Wjo(r) = [Pjo(r)] 2 +st.O + W/ég (9.1-4)
where
0 2 2
cil = __1_15___ (a)
4(1-v7 )y
2(1-v7 )u
(9.1-5)
0 X
c%l = Ci(z) ()
10 _ 1922 + it &
192(1-v )y
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Solving for Ujo(r) and Wjo(r) we have

P 2,.30 30 2 jO) jo
- - _[?jo(r)]l s +c22 - ¢y E}O(T)}Z +>uj0 s(s +—c22 - swjo clo
jorts = 2
(Sz+w1) (2+w2)2
50 s 30 (9.1-6)
= 2 jO) jOL— ] ( 2 jO) 3j0
ey = [Pjo(r)]z (s +c11 - ¢y PjO(T) 1 + wjO s|s + iy} - sujo 1
[0 2
(2+ l) (2+ 2 )2
s T T %0 (9.1-7)
where
52 + cjo cjo
11 12 2 1 2 2 9 2
A, (s) = =(s +w.) (s + w?
jo . 5 . j0 jo
JO =4 -]O
C s - C
21 22
(9.1"8)
Equations (6.4-15) thru (6.4-17) are rewritten
22, 2,2 ,
U0 + L2 2Lw) Ve oy THR— v (0
J 4(1-v )IJ J vu J
4 YAIT_ W (1) = [Q.k(r)]l (9.1-9)
2(1-v)py 3 J
2 2 2.2
. . - § +
. U () + VL () (1-v) j 1 Tk v, (1)
501-v" )y J ] 8(1-v)u
T L=V 7] (o L § pA.
2
- A E— w0 = o), (9.1-10)
(1-v )u ]
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2
inv U, (1) R S N \' (T)+{*}. (1)
(1viu I (v 3 g

.2n2 ) 2)2
1202 4+ g% 1"t KA

12(1-v2)u

2
+

Transforming the above equations we have

(52 + cjk

ij(r) = I:ij(r )] 3

11) U0+ ofy T+ BT (0 [ij(r)]l +su,

k= ( 2 jk) ~ .. k= _r= ]
21 U (™ F {8 +egy) Vi () + gy AP (ij(r) 2 T sy

jk

g Tpl0 + (82 o] e = [7,.00)
3y Ujk(r) +c32 &jk\r) - is -rc331l,,( ) ij(r)3+swj

where U, , v, » and w are assumed to be zero and
jle jk jk

ik _ 120+ 2(1ey) K502
€11 7 2
4(i=v Dy

kL ik
1 L1y )y
LA (O
Boaaa
jk - jk
€1 7 ‘12

2 2 2
c;’l‘; ~Jdr (=) + 8k ).2
Z

8(1-v2)u

(a)

(b)

(c)

(9.1-11)

(9.1-12)

(9.1-13)

(9.1-14)

(9.1-15)




e _ kA .
23 T 2
(1-v )y
ik _ ik
€31 ~ 13 ()
jko_ 3k
€32 = €3 (h)
[ 22 2
fim 2.2
Cjk=12x2+02\4 kA 0
33 i
12(1-v)
Defining
52+ cjk cjk jk
11 12 €13
| sk 2. ik
A, (8) =|c3 J jk
K8) =|ey; s e €23
jk ik 2. ik
31 €37 S+ 34
2 o )2 ( 2 . 21312 3,2
= |{s” +
U i ] 1:5 + ujk) 8%+ uy (9.1-16)
6 (T; + su, Jk Jk
[ ik 1 jk €12 €13
_ pa - 2 -k .
s) = J k
b(s) = | [Qu (0], + svy 55+ oh (9.1-17)
f— ] n jk 2 jk
LQJk( Dy toswy €32 S+ ey,

63



8,(8) = | ey

jk
11

8,(8) = jk

The equations for the transformed displacements Ejk(r),

and ij(f) can be written

S
— \
Ujk = _?—) (T/

r—f—’—ﬁ

jk

+ [ jk(T)

+ {26
C

[ajk(f)] 1 tsuy °13

[Ejkm]z vy o3
Eme ), + . s2+ cif
°{1I [ajk(T)]l +osug
o’+ oJs [Ejk(r)] 2+ svy
Sh [ajk(“]z, + sy

Va (0

+ sv } jk <:jk - (sz+c
jk

“32 ©13

jk Jk
-J L
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(9.1-18)

(9.1-19)

g [ <) 152 o) - (et

jk
12 (9.1-20)

Jk
ik €23 - } By (®)



Jk

Jl} s+c 33
e 3k jk
31}1}1 s+<.:11

A (s)
ok dk

)] 1t
RGP
+ sw

+ [Gj (T>

[ 5k jk K
k(T) + Svjk °31 °12 {‘ tejr ) e3

gk _ ( 2 Jk K
Suj%} [31 23 st e35)ch

——J

2
ik
- ( h J (9.1-21)

%é] //Xjk(s)

jk} ik
°22) c31]

(9.1-22)
+ [' ()] + (sz+ Jk)( T -(jk) A
Wt ]3 + 8wy €11/ (s T e22f -\ ()
Equation (6.4-11) is rewritten
1 2 1 2n
Ugolt) = - —L—z— [ ffcl(s,, 6, ) dede + ff l’T)] dede
4n(l-v) | J 4 44
1 27 2[ N &
(+v)ar o Lg (£, 1)sin
+ 2 f f 3536 deds
-1 0
1 27 [
ka f 220 L) cos ds:deJ= Poo (1) (9.1-23)

-1 0
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Substituting Gl(g, e, T)) 00(1’) is evaluated

1

POO(-:) =1 f f (1-v )u[: (1 - ycos Qt) cos Ky - b cosh
A
4ﬂ(1'v ) 4

- '1'25] dgde + 21r(1 ; ) To(l-ycos Qt)cos Ky) (9.1-24)

which reduces to

1

E .2 2

P (1) =- (l-ycos Qr)cosKw+——‘L—— £

00 2 2

2(1v%) -1
To _
" TER (l-ycos Q1) *cos Ky (9.1-25)
Equation (9.1-23) can now be written
UOO( ) = - 70- (l1-ycos Q1) cos K¢ - TR (1-ycos Q1) cosKw
1 [= T
=-3 (T +E—h- (l-ycos Q1) cos Ky (9.1-26)
Rewriting equation (6.4-12)
K i -
Uok(T)'l'm UOk(T)=-—T J J Gl({,, 8s 1) cos kg dEd®
2r(1-v Dy
-1 0
27
o2 [¢” (;, )]
+ —— cos kb dgde
2"(l-v Ju
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1 2n
o *
— d [g (E, 1)sin d
BRETEEDY f f 3£ cos ko drdd
-1 0

) f f e, T)°°S J cos kb dEd® = P, (1)  (9.1-27)
2u(1 v )u

Substituting Gl(g, 8, 1), We can write POk('r)

1 2n T .
POk(T) = . -_12— f (l-vz)u [To_ (l-ycos Q1) cos K - ‘)‘w- cos@
27(1-v7)u

- wzg cos k8 dgde
1

* .
BTG R 41r(1 v)u ff _g—g%’_” cos® cos k6 d&de

-1_0
1 2r
- f f —L(—E'-’-— cos8 cos k8 dgde (9.1-28)
27(1l-v )u
-1 0
L . }. 2r 4
A 3
=% f %cose cos k& de +m j f_'g;()_g’ll cosf cos ke dgde
- -1 0
L 1 2r *
- — f f -&-g-fdﬂ cos® cos k6 dEdO
2m(1-v7)u £
) -1 0 1 )
=3 [1&+ ) f g (g, 1) de - f oh (€ d{]
Ik [ A 7 4(1-w)n 3¢ 2(1 5, —’-—
-1
(9.1-29)
* *
Since g (g, 1) =h (g, 1) the expression for POk(T) is written
- 3, _8__§J__) -
POk('r) 61k[ X 4(1+v)u [ dﬁ] (9.1-30)
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*
which, upon substitution of g (&, 1), reduces to

3
_ ¥ A An '
P (V) = 83 A%+ ey [ZqB(r) + Zl q (1) 4 f 6. (£) dE:, (9.1-31)
n:

Substituting for y(t) and evaluating, the equation will be

1
$ A6
%1k E 2 1K
POk(T) = - Aiﬂi cos QiT +vZZT:;7: [ 2 qB(T)

i=1
N 1
+ Z ¢, (&) ‘ qn(r)] (9.1-32)
n=1 -1

Equation (9.1-27) can now be written

I
b (0 + G 2P (o) = L Y 402 cos a0
Ok " “okx’ “ok"T ) i ©08 4T
i=]

Aélk N
+ GE 2 qB(r) + Z ¢n(€)
n=1 -1

1
qn(r)] (9.1-33)

Transforming, equation (9.1-33) is written

E
= 2 2l _ 1k E 2
UOk(T)[% + (WOk) ] = sug - [‘ AiQi cos QIT

i=1
N 1
Z?quiﬂ:cl\ L qp(T) ‘Li n E n J (9.1-34)
n= -

and the solution becomes

UOk(r) = Uy, cos W T
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T

Sk 2
- Y Z A, Q4 f cos Qi(n) sin ka(T-n) dn

i=1 g
) T
+2<Ahl+h f qz(n) sin Wy (T=n) dn
0
N 1 =
* 4(f+v)n: “or :;1 4, (8 1' f I (M) sin vy (T-n) an (9.1-35)
B -1 0

Evaluating the first integral and &) at the limits il,UOk('r) is written

5 I ‘ 2
Uy, () =Y cos w -r+——1k A i (cos Q.1 -~ cos w T)
Ok T Ok Ok A i 2 2 i 0k
i=] Q; - (ka)
T
+ 2y q,(n) sin w. (1-n) dn
2(1+v)u Wok B Ok
0
N T
+ Z [1 + (-l)n] fqn(n) sin ka(r-n) dn (9.1-36)
n=1 0

Substituting for the convolution integrals from INTEGRALS, UOk(r)

is written

I 2

1k } : Ay
UOk(-r) = UOk oS wy, T + -~ > ( )2 (cos Q7 - cos wokr)
i=1 % lugy

S
A8 11 Z .CB(S)
* 2(14+v)u w — ) 2 {cos uwy T
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(“r * S) = . i @@+ s) @t
——— @ sin kaT - e
0k

+ 1

45 N (s)
+ Z Z [1 + (-l)n] [ar ins;]z i (ka)z {Cos W0k

= ~S n=1
(a_+s) _ 10+ g) Ot

+ i —L Qsinwr-e(r ) (9.1-37)
ka 0k

and in final form, the solution is written

U (o) = L o A%y i
ok T Uox OS ugt T L T 7(c0s 21 - cos g 7)
1= Q; - (ka)

151k BN cp(s) + [1+(-1)n] c_(s)

201y &g & [(ar+s)5:]2 - (mOk)z

+

(o _+s)= -

+5)0 _ «

cos w, T + 1 ——L gin w1 - er(arts)fT (9.1-38)
0k o Ok

Evaluation of [—PiO(T)Jl in equation (9.1-1)

1o2n
P, (1) , = jj G,(gs g )cosjl(+l)dgde
jor 2ﬂ(1v)u 1'62 85 1 7 ¢
121r )
*
- 1 Jf{ B_ng.(_g.i.r_)]_ cos L& (e+1) dede
2 (l-vz)u “10 %
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1l 2«
*
A azfg (£, 1)sin in
T bn(1-v)y j[ z,)sae I3 cos ‘?2— (E+1) a6
<10

1 2n

2l (g, T) cos6] le (e+1) d&do  (9.1-39)
25 (1-y )u

Substituting for G (5’ 8, 1), [P O(T)] is written
12n

P.O(r) 1" '_"——— j[ (1-\) Ju [——— (1-ycos Q1) cos Ky
. 2m(1-v%)

- % cos6 - @zé]cos %} (¢-+1) dede

1
- ﬁ_‘—f[(Zw) (1- V ) —> (1-Ycos Q1) cos KW] cos -%1 +1) d¢
-1

2n(1-v" )y
1 2n
*
- m [j ig—gz;) cosO cos ‘]2—“ (§+1) d&de
-10
1 27
* .
H f[ T E,é 2 cosp cos LH(eH1) dede (9.1-40)
2mW(1-v7 )y
-10
which reduces to
1
P . (D}, = .1112(1) [ £ cos dr (g+1) dg
[J‘O 1 2
-1
.2 2 2 :
=y (1) I -1t - g (9.1-41)

o2
Substituting y (1), the expression for PJ.O(T) ; becomes

I M
[PjO(T)] {—-) l)J -]] Z 21 AJ'.AinQm sin QiT sin QmT
i= =
i#1



+ K A.2 Q 2 sin2 Q,T (9.1-42)

From equation (9.1-2), [PjO(T)] o 1s written

12~

1 jm
P. ()|, = - ———— jf G,(£, 8, 1) sin (g+1) dede
[ jo ]2 21r(1-v2)u 75 3 2

1 2n
*
- _w_z_ ff af (e, 1) i 121 (E+1) dede
2n(1l-v )u

14
-10
1 2n
2 (87, ©) sin] . j
- jf olg (EJB; 2100 sin AL (g+1) deae
2n(1-v )y
1 2n
Az * im
+-———§— f/ h (¢, t) cosp sin -]2— (E+1) d&de
2n(1-v );.x_1 0
2 1 2n
g L ir
+ ——— V' [h'(g, 1) cosp] sin (E+1) dEA® (9.1-43)
2 2
245 (1l-v )p_l 0

Substituting for GB(S,, 8, 1), the expression becomes

12n¢ —
T

[P.O(T)Jz = - ——1—~—2—— J'j' (l-vz)u {- —zg (l-ycos Q1) sin g
] (v _{ 4

«2 .
+5PT cosf - ¥ E:}cose sin%l(g-kl) de do
- , 1
2 T .
A L(Zn) Lo - (l-yeos Q1) cos ¢ ((1-5) sin 1° (£+1) dg]
2 Eh J 2
2 (1"\) )IJ _1
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2 1 2n

A * j
(€, ® sin L
217(1-\;2)“ jf g (g, T) cosb sin 5 (€+1) dede
-10
12

2
A * i
+t— ff h (£, T) cosp sin 2“ (+1) deds
2n(1-v")u 10

+
241!(1 V )u

Rearranging
2n

1
_ 1 2
ol = 4 [ e e e
=10

A = j
:Eh ; (1-ycos Qt) cos Ky j2 [1 + (-1)3]
L

9 1 2nm

12
j 4[h*( £, T) c056] sin -1515 (g+1) deds (9.1-44)

b4 * .
ot ff v [h (g 1) cose] sin 321 (g+1) dede (9.1-45)

241(1-v )y
-1 0

Fa

-4 %
Inserting for V [k (&£, 1) cosd] the equation becomes

1
[PJ.O(T)]Z = ;,_‘2)\ [ sinjz—“ (6+1) dg

/

T
0 - 2 j
+ Fh 7 (1-ycos Q1) cos Ky In [1 - (-l)J]

fﬂ

- o 7 (1- Ycos 9t) cos Kw = 1_1 + (-1)9]

4
+ h %
')4(1 -V )U ’[0[ I.— (Es 1) COSeJ+ ZA —J*—rzeez[-h (5, T) CQSQJ
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4

4
96

which reduces to

P [y
(P02 ="gm— LG0T~

or in terms of [Pjo(ra 1

Pjo(T)]z =5 [Pjo(‘)] 1 T

+ A —3—4 [h*(g, 1) cose]} sin jén (g+1) dede (9.1-46)

2V
1] + iR T, (1 -ycosQT ) (9.1-47)
2VA -
TmER To(l -y cos Q1) (2.1-48)

Evaluation of [ij(r)]l from equation (9.1-9)

12

Q. (v)], =~ —-——— jf G,(¢, 6, 1) cos -L (¢+1) cos ke dgde
[ 3k ]1 w(l-v )u

ﬂ(l-v

=[]

1 2

-10
12

) 21r(1 2n(1-v)u f

-10
1 2x

- VA

m(l-v

Substituting for

z)u_lf-t[

Gl(g’ e’ T)’

1 2n

35

__f_(_g_,__ cos J— (g+1) cos ko dede

Le’e, 1) sin] cos 4L (g+1) cos ko dede

3£ 936

> nf(E, )cos % cos -15"- (£+1) cos k6 dede  (9.1-49)

(13

equation

(9.1-49) becomes

T
[ij(T)]l = . __12_ f[ (l-vz)u [—2(1 (l1-y cos Qt) cos Ky
n(l-v )u_l 5

A
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-2 cosh - azﬁ]cos ‘12—“ (E+1) cos k6 d&do




1 1-v2 T o 1 jm
+ 3 = 3 (l-ycos Q1) cos K'bf cos ‘]2—(5‘*"1) cos k8 dgde
1

m(l-v )y
1 2n
A g 5
T 2n(1l-v)y ,[] ( = cos L— (£+1) cose cos ke dg de
-10
1 2

*
> ff 3h §E§z T) cos le (g+1) cosp cos k8 dedd  (9.1-50)
n(l-y" )y 0

which reduces to

*
A1k 3g (E, ) '
[ij(r>]1 R TeEnm v)u J[ P cos 4L (£+1) 4

)
+ M_ j .lg.)__ cos 321 (€+1) d§

a 2) (9.1-51)
-V M
1
M1k 28 (e, 1) in
[?jk(r)]l =‘§ZI;;7: v cos <5 (g+1) de (9.1-52)
-1
*
Substituting for g (£, t)
5 N
A ! i
[ij(T)]l =ﬁ;1)ku— f [QB(T) + n; —;‘ o, (&) qn(r)Jcos ‘]21 (¢+1) dg
(9.1-53)
Evaluating
_ s N A j"L"'}-l‘d»
\.ij(T)Jl = 2(1Fon () j cos 5~ € +1) dg
N
. X
2*(1“)“ LoH o [e @ Eena 6
n=
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Finally

N
_ 5 1k A An i
)~z L 7 % % (9.1-55)
Evaluating ij(r) , from equation (9.1-10)
1 27
[Q,k('r)]2 = - ——1—2—- jj Gz(g, g, T) sin -121 (¢+1) sin ke dgde
J (1-v)u
- 3(1- v)nu ff 8 faggg’ L9, sin jz—“ (g+1) sin k8 dede
-10 |
127 9 %
- 21r(}.+\))u J[[ ile (5’21) sin®] sinJZ1 (g+l) sin ke dede
-10 (13
12
2 2 * . X
-2 f olg (&, ) sinel i, A (g+1) sin ko dedo
m(1-v)u.1 § 38
PR S— f[ oln” (Eia;) cost] in 4L (£+1) sin ko dede
m(1l-v )u

(9.1-56)

Substituting for GZ(E, ®, 1) , equation (9.1-56) becomes

1 2 -

2 To 3
- f] [(1-\, Ju [- -5 (l-ycos Qt) sin Ky
1r(1 \V )u R .

+"£ cos® - i":&:Jsine sin -le (g+1) sin ke deds
5

- 2(l+v)u f l&'&?—_ sin ¢ (£41) dg
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1
* .
Aox Mk ] g (£, 1) sin —121 (+1) dede
(l-v hu i

2 1 -
. A% j B¥(E, 1) stn 4 (£41) agao (9.1-57)
(1-v)yu

which reduces to

1 TO - oo .
ij(r) 2= 85y A[ = (l-ycos Q1) sinKy + y€|[sin ‘121 (¢+1) dg

R 127
B {— [[ sin 4© (g+1) cos® sin® sin ke dgdd

1

S
E (g, ) _]_
2(1+\,)u ] ag sin <5~ (E+1) d& (9.1-58)

*
Substituting g (£, 1) , equation (9.1-58) becomes

T .
[ij(r)]z = & _ng (l-ycos QT RyT) sin -]21 (g+1) dg

1
+ le:l.; () j £ sin L (£+1) d&
-1
.2 1 27
- 1)‘5'—'()/} cos8 sin® sin k6 sin 4% L (g+1) dede (9.1-59)
-y
1
5 1k "% .
S TEED N [ g (&, 1) sin ‘121 (&+1) d¢&
-1
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‘which reduces to

T
[ij(r)] 81, 7 ( 1- ycos m) 20 - 03w

S - B N G DL e

$ i1 02
-2 - ollVo
8 N 2 .
1k An " .
- m nZ_—_]_ (—2) ) qn(t) [ ¢n () sin J;- E+1) & (9.1-60)

Finally, the resulting equation is

T R
(050 = by 2 (1= veos 5O 5 [1 - nI]veo)

§ kjinﬂl + -] Y@
6. . .
-0 ent] Vo

) N 2
1k An
T 2(1+vm n£= (2—) x. q (1) (9.1-61)

Substituting for ¢, ¢° and ¥ equation (9.1-61) becomes

T
[jk(l‘)] 61k (1-ycos Q'r) o [1 - (- l)J] ;1 Aj cos qut
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2 j 2
+ 804 Tr El + (-1) ] ig A/Q," cos QiT

621‘ [1- -] Zl Z 444, 9,8 sin AT sin 2
i=1 p=11

[1 -] Z Aiz 912 sin’ 21
i=p=1
S1k An) 2
2(l+v)un = ( } ¥4n (T (9.1-62)

Evaluation of ij(r) 3 from equation (9.1-11)

1 2+«

[ k('r) ]= —————— jf G (g, 6, 1) sinj— (8+1) cos ke dede
(1-vy )u Lo

1 2n
- ]f _a_f_(é;,_'rl sin ‘121 (E&+1) cos k6 d&de
ﬂ(1~v Ju 10

1 2w
*
i jf o[g (£, 1) sing] sin <= (g+1) cos ko degde
20 2
ﬂ(l -V )u

2 1 2n .
+——}‘2— [h*(g, 1) cos] sin -]21 (g+1) cos ke dede
m(l-v" )y
-10
1 27
2 . .
+—F’———2— [f v 4[h (£, 1)cos8] sin ']%L (€+1l) cos ko dede
120(1-v" )y 10

(9.1-63)
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Substituting for G,(¢, 6, 1) , equation (9.1-63) becomes

1 27 —
T, J,Z
= - —_____ ff (1-v )u[- — (l-ycos Qt) sin Ky +T cos 6
n(l-v )u -1¢9

- wg:, cosf sin -]21 (¢+1l) cos ko d&de

12w
A 1 2 T ‘1r
- v - [;:; -2 (1-ycos Qt)cos K¢ /j (1-£)sin 4+ (£+1)cos k@ dEde
m(1l-v )u e
1
2§ )
- A 2lk B j 8*(6, 1) sin -]21 (¢+1) dg
(1-v7)u
-1
1
8 .
+“—)“"2“1_k ] h*(E, 1) sin ‘121 (g+1) dg
(1-v7)u
12
52 " 34 . , 84 .
TP I 22 [, coselt 22® —3—n"(e, t)cos o]
12n(1-v )u_lo 3E 36730
L4 .
+ o _3_4 [h*(é:, 1) cose]}sin le (E+1) cos k8 d&d® (9.1-64)
20

rearranging, equation (9.1-64) becomes

r RS T

9 1 27
- %j—- /] sin -jzl (E+1) cos® cos® cos kB d&de
-1 0 '
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1
2
* Iy
L ATk J g (€, 1) sin 4L (£+1)

1
22 811 * i
+ A= h (g, 1) sin <5 (£+1) dg
1

(1-v")y -
. 2
2 4
*
+—0 [—3—5 e, 0 - 27 2w, o
12(1-vy )u -1 13 23
. ,
2% e, T)]sin I ey e (9.1-65)
which reduces to
T
— | 2K
(03 = by Qmveos T 5 [1 - -0 o)
2 j .
by 0+ eniuo
, 1
"t % LR
toSy Ty f [g (6 1 -2 g7, 0
12(1-v )y |
. .
+a* g, r)] sin 5 (£+1) dg
6 :
- TZXE [- 3] o (9.1-66)

81



w“ *
Substituting V¥, ¥ and g (£, 1), equation (9.1-66) becomes

(055 =

2 o) K j
dlk 7 (1-ycos Q1) Tn l—_(l - (-1) ] Z Ai cos .7

I

=1

i=1 1

I
5 11 (J—i) [1+ ¢-0)d] 21 4,9,° cos a1
i=

N 1

02 An 4 11 s
g — 57— Z 7) q, (1) j ¢ (£) sin ‘12— (g+1) dt
12(1-v7)u &=
n=1 -1
‘ 1
2 .2 N 2 -
e 32— T [ (,)j 811 (6) sin AL (e+1) g
k' ja1v?yy 43 120 n .
1
02A4 { im
P A S— q('r)f £ sin AX (£+1) dt
1K 1901-v2 ) B y 2
N 1
+ L oq (0 fcbn(i) sin 4T (£+1) da}
n=1
-1

P
§ .
.ik [1 - (_1)JJ i AA QQ sin 27T sin Q1
3 o= ip ip t P
#p

I
6o ™ o A\ 2
5 - Ll - (-1)-1'_| i:%él AR sin Qit (2.1-67)
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which reduces to

1 T -
79' (1-y cos Q1) K‘_-l - (-l)j]

+ [1 + (-1)3]912 A, cos Qi'r}

2k [ L i) ): 8292 sin? ot

[QJk(r)] 1k Ir

i=p=1
s I P
" Ix [1 - (-1) ] z=: g AiAp Qiﬂp sin 47 sin pT
1=l p=l1
N
2 4
t b T Z s'n[%) *"4]

2 An 2 4
- 2% Am xj_n} (D + X mq () | (9.1-68)

9.2 Inverse Transforms of the Equations

Performing inverse transform techniques on equations (9.1-6) and

(9.1-7) we have

{101_‘3(2) '[{""% }2} ) 12 v } 1
UjO(T) = [ )2 - (ml)J ] 19 cos w0t
30 30
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30 2 )2] _ 0
{“jo [22 - {950 12 ¥ 2
- 2 ) 1 7 cos (L)jo'l'
[(“’10) i (“’jO) ]

1142
“’jO)

' “jo [(w?o)z - [+30)] Of [Fro]y sin wjo (xon)

3 - s3] ' )
i fpo
0
JO[( 2 LT Oj [Piom)], stn oly (on) ar
12

j P, (n) sin mJ (t-n) dn

“?0[(“j0] i (“JO 0

i=1, 2, ooy M

1
k=0
o (32 - i 2] - )
w C - w - u
o | - 1of
WJO(T) =l ;1 J? 5 ‘21 cos w. T
U“’JO) ) (‘"joT ]
30 212 30 3
{WjO [“11 - {“"0) ] €21 %0
- - 2 2 , 1 2,] Ccos wo

jo 3 0)2 T

D ER R

84

+

[Pjo(n)] sin m ('r- n) dn

(9.2-1)



o _ 2)2 .
_‘n {ij

2
A g J e da e o o

JO T
€21

sol o3l - fu3al ]

JO T

+ 2 “mz )2; _ 10)2] Of [Pjo(“)]l sin ‘“?O (t-n) dn (9.2-2)

[Pjo(n)]1 sin “’;O(T'") dn

o

j=1, 2, eeey Ml

=0

-
|

Performing inverse transform techniques on equations (9.1-20) thru

(9.1-22) we have
2 . 2
w0 £ ) = B G- -l 193

Jk_ m Jk Jk
€33 (“’jkﬂ €13 ©23

[}
<
e
P
0
et Lo
N R
—
W

SRR R D
jk 12 €23 €08 W T

'
g

. [cglzc - (W?k 2][‘:;1; B (w?k } B .:3]12()2 jEij(n)] sin w ('r-n) dn
0

jk
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Ak - b - ]

13 23 m
. f{ij(n )]2 stnw (1) a0
J’k 0

SEHLEE LAY

“12 23 quk<n>]3 stnw (- dn | (9.2:3)
0

jk

j =1’ 2’ ¢ o0y Ml

k=1’ 2’ .‘C, Nl

ij(r) (T%

I— ik [_ik m|2 jk jks
l_ Yk {12 (°33 - “mjk) ] - 13 ‘:23J

-+
<

3k {[ﬁ - (“’j:jz] [ §13< - (wj?:)z] - (cig i

s

s m
jk[jk_ m 2] _ ik _jk cosw, T
Vi (%23 (911 ° (Y ) 12 c13 ) 3k

m
w

jk
(B BB o) e o
jk
ik

0

ik _ mZ][jk_ m2]_ jk 2 T
N ﬂcu (“’jk) 33 (wjk) €13

[ [ij(n)] sin w K (T-n) dn

L wjk J OJ
jk (wm)ZJ Sk ok T
©23 11 ik €12 °13 ] m o, )
jk 0
=1, 2, «ou, M].
k = 1’ 2’ ...’ Nl
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"y {[ii‘-(ﬂ][ - el ] }>3‘L

( k) atic e
j 3 f [0 m]; stn 02 (rn) an

0

o .

Jk) ( k) ]

) ( ) Jk Jk T
jk €12 ©13 f [ij(“)]z sin “’jrlz (t-n) dn

T
f[ij(n):I3 sin w;ll((r-n) dn
0

(9.2-5)
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where
> 2
by = T0 [(‘”J‘b '(‘*’;12)2] (9.2-6)
i#m

9.3 Evaluation of the Convolution Integrals

The evaluation of the convolution integrals appearing in equations

(9.2-1) thru (9.2-6) will be presented in this section.

9.3.1 Substitution of Forcing Functions

By substituting the forcing functions [?jo(f)]l , [PjO(T)]2 ,
[ij(r)]l R [ij( 'r)]2 , and [ij( 'r)]3 and using n as a dummy variable

the integrals in equations (9.2-1) thru (9.2-6) are evaluated as follows:

T

I, = j[PjO(n)lj sin w;o (t-n) dn | (9.3-1)
0
I P
(2 j . . 1
I, ._(J—“)Z [(_1) - 1] ?;1 pgl AiAp QiQp jxsin Qi(n) sin Qp(n) sin wjo(T -n) dn
0
I T
2\2 2 2 2 1
| + (J—W) (-3 - 1] iZ=1 A", fsin 2,(n) sin wi (t-n) dn  (9.3-2)
| N 0
! T
‘ 2
1 I, = f [Pjo(“)]l sin wy, (t-n) dn ' (9.3-3)
|
0

I M T
(232 j ' » Z (.
I, = (F [(-1) - 1] 1£=:1 mz=:1 AiAinQp f sin Qi(n) sin Qp("l) sin ij(T n) dn

i#m 0

T

I
2
+ (j_z-n) [(‘l)j - 1] El AiZQiZ f sin2 Qi(n) sin m§0(1 -n) dn (9.3_4)
0
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-
I

T
1
3 f [Pjo(n)]z sin “i0 (t-n) dn (9.3-5)
T

3 f{ b3 0(")]1 quEh L (1-vcos Q(n)]} sin w;'o (t-n) dn  (9.3-6)
0

—
Il

T

I3 =i ( ) (- nd - ljigl pgl Ay A 2. fSin 2,(n) sin,(n) sinw;o(r-n) dn
0

T

L} 2
+'£1+_A( ) [-1)3 - 1] Z A 912 fsinzgi(n) sin m}o(r-n) dn

i=1

T

2\)A T 1 2vA TOY
ijh sin ij (t-n) dn - T EL fcos 2(n) sin m}o (t-n) dn
0 0
(9-3-7)

2
f [Pjo(n)]z sin w;y (t-n) dn (9.3-8)
0

T

1, =41 -
4 ( ) ( 1) le_gl pgl Af& Q 9] fsinﬂi(n) sinQp(n) sin w?o(l'-n) dn
0

ifp

T

( ) [-»t - I Z fsinz 2,(n) sin wjzo (t-n) dn
0

i=p=1

2vAT t\Ml Y
+ —2 1 ( ) d Q 2
JepEh sin w t-n) dn - ﬁ_l‘r cos Qn sin ij (t-n) dn (9.3-9)
0 0

T
f [ij(n)] ; sin w;( (t-n) dn (9.3-10)
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I

T N
7 =I{% L%, W} stn g (t-m dn (9-3-11)

n=l
O .
M N T
—_ A(Slk An m
R e mgl 3'=:1 A =, j’ a,(n) sin wft (x-n) dn (9.3-12)
0
T
3, = 6[ [ij(n)] sin mJ (t-n) dn (9.3-13)
I
KT .
2 1 - (-1
T
+ [1 + (-l)j] Qiz} Aif cosf (n) sin w (r -n) dn
0
I M )
- ( ) )M Z °[1-(-1)JJA1Y
i=1 m=1
T -
'/.cos-ﬁ(n) coSQi(n) sin w;: (t-n) dn
0
I P M

T .
Sy [1- L L L aappe fsinn (1) sin® (n) stnof (v-n)dn

i=l p=1 =l 5
ifp

1 - (- 1)J Z Z A Q [ sinzﬂi(n) sinmjr{: (t-n) d

i==p—l m=1
0

T

- z(litl;u Z 2 )‘n) x f q,(n) sin wjk (T-n) dn (9.3-14)

m=1 n=l1
0
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T
Jy = j [ij(n)]3 sin ij; (t-n) dn (9.3-15)
0

s L LT

i=l mw=l

[1 - (-1)3]

T
+ [1 + (-1)3] 912} A j cosﬂi(n) sim;: (t-n) dn
0
1 M

- 61k (jw) L L K:O [1 - ('l)j]AiY

i=l m=l

T
f cos(n) cos (n) sin m (T-n) dn
0

I P M

8o [1 - (- 1)]51 pZ_:l mZ_Zl AA 248 sing, (n) simp(n) sinwjl; (t-n)dn

i#p

T

j 2.2 .
2k [1 - (- 1)] i=§=1 mE—:1 A%, f sin 2 (n) sinwjk (t-n) dn
0

'“;11( § %{ I:(An) +"4i|

12(1-v h m=1 n=1

5 a2
2 An

T T
- 2 - le}j q_n(n) sinmjr;;_(r-n) dn

M T
2
+ le —02-— Z 2\4 0 / a5(n) sin w;nk (r-n) dn (9.3-16)
12(1-y“)y  m=l
0
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9.3.2 Evaluation of Remaining Integrals

The remaining integrals of equations (9.3-1) thru (9.3-16)

have been evaluated and are listed below.

T
/ sin Qi(n) sin Qp(n) sin m;o (t-n) dn

0
wl cos(R.42 )t-cos w 11’ cos(R,-0 )t-cos w 11’
_ i0 i 2p 2j0 _ i 2P 2j0 (9.3-17)
1 1 :
2 @)% - ) @) - @)
T
. . m
] sin Qi(n) 51n9p(n) sin wjk (t-n) dn
0
w 2 cos(Q.1_)t-cos 21 cos(Q,-Q_Jr-cos u 21'
~2jo i7p j0 i p 19°Y (9.3-18)
2] @’ - wi)? T @t - wiy? |
i¥p Y350 j0
T
, m
/ sin Qi(n) sinﬂp(n) sin wjk (t-n)
. _
m m m
_ mjk cos(Qi-mp)T-cos wjk ) cos(ﬂi-ﬂg)r-cos wgk‘r (9.3-19)
2 m '
2 m,2 Q@9 ) - (w,)
(Qi+$2p) - (“’jk) 1™p ik
T
sinzn()sin . (r-n) dy
i\ ij TN
0
= 1, (l-cos w_.%;r')
L JV
ijo
o 1
+ 10 (cos 2Q,1 - cos w.lT) (9.3-20)
2 1.2 1 30
2 (ZQi) - (wjo)
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T
2 2
jsin Qi(n) sin ij (t-n) dn

0
1 2
= (1 - cos w1
2w2 jo )
jo
2
50 2
+ — (cos 22,7 ~ cos w 5T)
Q - h|
2[(2 1 - (W) ]

T
2 . m
[sin Qi(n) sin mjk (t-n) dn

0
_ 1 m
= o (1 - cos w.kT)
jk
wjk
+ = (cos 29,T - cos w.mT) 9.3-22
2[(291)2 i (“;E)z] i jk ( )

T
fcosﬁ(n) sin wjg (1-n) dn

0
N 1
0 _
=-r ] T (cosQT - cosw.t)'f) (9.3-23)
[Q - (“’jO) ] J

T

- 2
]cosﬂn sin ij (1-n) dn
0

2
_ “350 = 2
= - [_2 3( 5 )Z]CCOSQT - cos wjoT) (9.3-24)
Q - wjo
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0
= L (r=-n) ' -—L a
2w1 coswjo -n = ” 1 (1 - cosw Or)
J ° jo
.
2 1 2
f Sinwjo (T“'n) dn - 7 2 (1 - COSwjoT)
0 jo
T
j’ cosqn cosﬂin sinm;i (t-n) dn
0
m
- ik

- m
-[2 (5+Qi)2 - (w;;)z] [COS(Q+Qi)T - cosmjkr]

m
-[2 (5;9:25 - (w;;)z] [cos(ﬁ-ﬂi)r- cosm;:t]

T

m
J[cosﬂin Sin“jk (t-n) dn
0

m
e ?ikm )’ [tcostyr - cosu o]
i jk

9.3.3 Summary of Evaluated Convolution Integrals

(9.3-25)

(9.3-26)

(9.3-27)

(9.3-28)

Substituting the results of equations (9.3-17) thru (9.3-28) into

equations (9.3-1) thru (9.3-16) the convolution integrals are evaluated.

A summary of the evaluated convolution integrals appear below.
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I

I

1

2

T
:j [Pjo(n)l] Sin wj](-) (T'n) dn
0

. I P
= (.—i)z[(-l)*] - 1] Y Y aaaa
J i=1 p=1 '

T

pip
ifp

1 1
Wi COS(Qi+QP)T-cos ijT
2 2

2 1
(szi+szp) - (wjo)

1
cos( Qi-np)'r-cos mjo‘r

2 1.2
(Qi-ﬂp) - (wjo)

L))

1

uﬁO)

= j[PjO(n)]l sin wjzo (t-n) dn

0

:%)2[(_1)3- _1] Yy T AiAinQp[ 30

2,2
57

I P

1
2] (cos 2Qi‘l’ - cos ijT)] (9.3-29)

i=1 p=1
ifp

I
{(-1)3' - 1] > Aizﬂi2
i=p=1 2w
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2 2
w, cos(9i+9p)1-cos wjor
2 2 2.2

(Qi+9p) - (wjo)
(Q,-9.) 2
cos(Q, . t-cos ijT
- Y

(Qi-szp)2 - (w,n)

jo

T)

(l-cos w,
J
jo



2
w0

+
2
[2 (22,)" - (v

75 (cos 2Qi‘l’ - cos wjzo'r) (9.3-30)
* ]
30

T

f [PJ.O(n')]2 sin wj(} (t=n)
0

1 P 1 1
ix . 2.2 . i cos(Qi-l-Q JT-cos w of
LR [ -8 B aae ) P J

jm P — ipip 2 2 - 1,2
ifp
1
cos(Qi-Qp)r-cos “’jOT}
- 2 1.2
I
s 2 2
_,_i_g(.&_)Z [(_1)3 - 1] Z Ao L T (l-cos w,,7)
A Jﬂ i:p:l 2(‘0.
j0
wl
+ 10

1
(cos 291 - cos w, T)]
2 29p? - (7] : 0

(cos QT - cos wleT‘)—} (9.3-31)

L = f [Pjo(n)]l sin wjzo (t-n) dn
0
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1 P 2
i 242 o Jeos(Qy +Q )T-cos w T
=4 (39) lev? -1 & zAAQQp[i{ 77

i=1 p=1 (sz1+szp) - (“’jo)

cos(Q +Q ) T-cos w OT I 2 2 1 2
- 2 ‘1— (j") [(-1)J - 1] Z A [—2 (l-cosujoT)
(Qi-Qp) - (u)jo) i=p=1 2wjo
w, 2VAT
+ i0 (cos 22, - cosw 2T)] + o[ 1 2 ¢ )J
2 2.2 i jo JTHEh jo
2((20)7 - (05)7] | wls
2
2vA T Y w
o] 30 = 2
- = (cos 2T - cos w,.T) (9.3-32)
jmu Eh 2.2 jo .
[ (@ - §0? ] }
T
I = j [ij(n)] sin wJ (t-n) dn
0
) A 4
_ _ASlk An m
2(1+\))u El nzl f qn(n) sin wjk (t-n) 4dn (9.3-33)

0

= 3 m -
J, f ij(n) g sin wy (1-n) dn
0

B ] Db ol g
-5 & > [1- ¢ + 1+ ¢D A

i=1 m=1l J

wo }
ik m

e (- (cos 2,T - cos w,, T)
2 m,2 i k
{ (8" - o] :
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. ,
(Ji")izl Z1 7" [ - 1] AgY
= m:

o o i
. - — cos(QH, )T-cosw, 'r]
| (@)% - w7 1 3k
jk
oD
ik
2

- 2[(5-91) - (mjr;)z] [cos(ﬁ-ﬂi)’t-cosmjr;'t]

1 P M
sy 1-IJE L LT 880,08

i=l p=1 m=1 ;

i#p
m m m
Wi [f:os(Qi+Qp)T-coswjkr ) Cos(Qi-Qp)T-cosmjkT\g
2 \ 2 m,2 2 - m.2

(Qi+§2p) - (-“*’31(> (ﬂi-ﬂp) - (“‘jk’ J

2 2 m m m
[ ; Z z l-cos wjkT wjk(CQSZQiT -coswjkT)
- Sy 1= 1] e T Tion 2 w2
i=p=1 m=1 ik [( i) - (wjk) ]

T

ok 2 Z (An) f q, (n) sin w (1=n) dn (9.3-34)

T2He &
0

(@)

|
| J, = /'[Qﬂ((n)]3 sin “’jn{l (t=n) dn

o o o -
0

I

(2 T T [ Los ot

i=l m=1

m
(V]
. i n
- [ 5 , m)2] (cos}i't - cosw T )}
Qi - wjk
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2 j
- 6 (j" X JAiY
WP
ik [ - m ]
- cos(HQ, )r-cosw,, T
avn 2 - 7 e
i jk
m

N

2 @-ap? - (B o2 (3-2y) cosuyT]

-6, [1- Y] Z Z Z aA 9,0

i=1 p=1 m=1
i#p
(2,+a_) - (2,-9_ K -cosw,p
ka [cos 11007 coswjl:r ) cos(qy Qp coswik-;
A 2 m < 2 m\<
Q - - -
L@+ )% - ) (=207 = (wg)” |
2- 2 m m m
Sl l-cosw_. T W, 529, T-cosw,, T
- [1 - (- 1)JJ Z Z ik +Jk(CO g T-Cosw
2k i=p=1 m=l w, (29 )2 - (™ )2
jk i jk
M N
2 In
—HS -z { nHTﬂ‘ + ,\47.. 2A n&f (n)51nw (T-n) dn
K 12¢1-v%)w m—-l n=l | i *3
2 M T
+ le = ) z )\4m,0 j qB(n) sin w (T n) dn (9.3-35)
12(1-v)u m=l J
0

In terms of J2 sy J, can be written

3

T

3=, ey Z 2 5 ) f () sin up (xn) dn

0
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12(1-v )yl m=1 n=1

+ 85 -—0-2—2 ZM % {‘jn[_(k—zn)& + A‘*] - 2 (%n) 2 xjn}

T

j ay(n) sine (1-n) dn + Zl A mjof p() sina® (con) an
In—
0

(9.3-36)

9.4 Evaluated Displacement Equations

Substituting the evaluated convolution integrals of equations
(9.3-29) thru (9.3-36) into equations (9.2-1) thru (912-5) the

displacement equations are evaluated.

From equation (9.2-1)

Mool - lamgd s

U. (1) = X
o [ JO} ( JO) } S

ol (T ey
o2 - 7] °

JO 1 2 (—

€32 = Yig 2 2 i I: z: 1 cos(Q +?P)T cosw,
+[ (wjo} (JO) ] 1:1#) [( D | ]1—1 p‘1AiAPQIQP 2 (nimp) - ( )2

i#p

1
cos(ﬂ 9 )T- cosw ot
z: A 2Q 2 1

(Qi‘Qp) ( jO) ip=1 * ( jo)2 e ijT)
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L 1
(cos 22,1 - cos w,.T)
2[(2ai)2 - (wj%)Zj i 30 }

JO ( Al [ L & COS(Q +Q )'r -cosw 2'(
22 jo j z: l
1B AR PR e

COS(Q Q )T-coqu

(a- 7)) -(wjf)) 11 2002

2
2[(2521) - (wjo

1
C12 Iﬂllz[(-l)j-l1(z :A.A Q.0 ;[cos(nizp)-r cosw,oT
. =L JL1=1 p=11p1pzl-(n+gp) ( 0)

i
ifp
cos(Q -Q )r cosw 1 I 2 9 1
- Ai i T2 (1 - cos w o'r)
(@;-a )? ( o) (ij)
2VAT
1 1 o 1 1
+ (cos 28, T-cosw, 1)) |+ (l-cosw,.T)
2 12 i 30 }] JTUER [ 12 30
2[ (22, - [050)°] 2(w44)
2vAT v 1 - 1
“TER | T 3 W (cosm-coswjot)
Jmu Q _( )
w30
JO . cos(Qim )T-cosm%r
Ry e LR A o i
(w0 w?] =1 p1 (21907 - (g

ifp
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2
cos(Qi-Qp)r cosw T

- 5 ng + 2: AiZQ 2 2 5 (l-cosw gr)
(2;-2)" - (o) 1=p=1 2< o) J
+ ; ) (cos 29 T-COSW, i} +-§::;ﬁ [ 1 55 (1-coswng)
2[ 2?0 )] 2(u0)
ZVAT Y 1 2
- JmER | = » 2)2 (cos Q- cos ijT):l (9.4-1)
jO

Rewriting equation (9.4-1) we have

2

_ ( )™ j0 m)2 j0 m

Uj0(™ = g 112 _[72]2 UjO[CZZ -[in) ] T C12%50) €O%¢y0"
m=] ij - - 7 ]

I P
Al 5 — e 2,0 [cos(Q:+ﬂ JT-cosw, T
et b o] B By 2 e
i=1 p=1 Q.40 - (w,
P (a, p) 50
ifp
cos(Q -2 )T-cosWw, gr I Aizﬂiz 1 - coswng
- 5 e + L 2 R
(9;-0)% - (up) 1=p= (up)
9 m
cos QiT - costOT
+ 2 m 2
(28))° - Cugg)

30 {
12
L

2 (9,40 )1- M1
l) [(_l)j ][Z z {COS i o T COS(»JO
L

21 ot (.+2)% - (052
i'p 30

C
ifp
cos(Qi-Q )r-coswigt . iE Aizniz (l-cosw;g .\ cos ZQit-coswgzt
- m.2 . 2 m,2 2 m,2
(Qi-Qp) - (wjo) i=p=1 (wJO) (2,)° - (mjo)
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2 1- Q1 - m
t vATO coswjo y(cosQt coswjor)

=1 . - w,
= (wJ ( JO)
I P
2 A A Q.0
jo _ jr 30 _ m 2l 2) [ j i i
*[czz ax 12 - Qogo) f3e) (D ‘1] Z_: }; 2
i=1l p=
ifp

<:os(9.+Q )T -cosw .mr cos(Q.-Q )t -cosw s
0
. ip 1 E 0
m . 2

(2 +Q )"-(w 0) (2;-0 ) -(w J

A:20:2 (1 - cosw%T cos 22,1 - cosw.rfl\rw -H

I
Y i i i i j0°
+i=2p-'=l 2 i w2z (29)2-(‘“m)2fj

jo i 30

(9.4-2)

DR

30 2V To {l-cosm;gr Y(coth cosw

jO) - (m )

i=1, 2, 3

=l, 2, .., M
k=0

m=l, 2

p=l, 2, 3
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From equation (9.2-2), the displacement equation Wjo(-r) is written

2

_ ( " 0 2 0
WjO(T) = Z 2)2 { \:il - (w;g) ]- %1 (} coswjrgr

m=1 (wJO -

I P
[0 - R fen? - o] T T e

i=l p=l1
(Q,+Q )1 wle s(R,-2 )t wBr
Jcos 1% cos 10 ) cos(f, 2 cosJO

2 m,2 2 m,2

- Q. -0 -

(948 « (u0) (9-8)% - (@)
1 2 2 m ‘ m
E Ai 2 l-coswio'r cos ZQiT-cosijr

+ +

i=p=1 2 (m%) (29 2 (wm)Z

J i’ 30

— m
2v) T, fl cos w, OT y(cosQT-coswior)kL

+ +
oo B { 2(uy ) 7 - (a )’
J
I P
. 2 . ALA Q.Q
90 (:2_)[(_19_1] Y. T iptip
21 (lir S 2
N i=1 p=1
ifp
m m
. cos(Qi+&))T-cosmj0'r cos(Qi-QR)r-coswjoT
2 m,2 - 2 m .2
(Qi+9p) - (wjo) (Qi-Q )T - (“’jo)
2
I a2%2 l-cosw., cos 29,1~ -cosw, ﬂ \
i i 30
+ 12_1 3 ™2 —
=p= [(wjo) uﬂi) - o) JJJ/

which reduces to
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2

m
W, (1) = Z (-1) 0 _ (w,m)2 - jO wBe
30 m=1 (wj%))2 (w 2)2 Wjo[cu 30 ] “21 "j0) %50

LGRC D RE RN
ifp

AAQQ

jO

2 m .2 - m 2

I 2 2 m
Z A1 Qi 1l - cos wjor cos ZQiT - cos ijT
T T2 B2 eyt - (aiy)?

P 50 i’ 7 Y0

m
.+ -
{cos(s‘z1 Qp)r coswior cos(Q Q )T ~Ccosw

2\:AT 1 - cosw,IgT Y(CQSET- cosmm W\
e o
@ - (mm)2 J
jo

™
o
-
~
~
O
L ]
~
1
(¥,
~

ijh my2
(wjo)

Pde
i

k=0
m=1, 2
p=1, 2, 3

From equation (9.2-3) the displacement Ujk(T) becomes

- m,2 jk _ m,2 jk\2
U (D) = m_lD < wp)?] {3 (wjk)] (c )}
ik gk m\27 ik _jk
- VJR{CIZ [“33 - (“’jk) ]' €13 °23}
ik [k m2) gk j m
- ij{°13 [°22 - (“’jk> ] €12 23D cosw T
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A

4k _AS1k
wm 2(1+\))u

e fuddl 5 o

1

N

("“) " g () stne® (rem) 4
njqnn Wik ST An

2o i ]

1

.{2

Eﬁmi)z-(w

m,2
i)

] [cos(mni)r-coswjtr] + 5

m
2 (q- 9, ) (wjk)

. [ r:.os(ﬁ-Qi )r-cosm;;r]}

- {K ;° [1 - (-1)3] + [1 + (;1)5']912}

1
5 =3 [cos Szir- cos wjr;‘r]}}

L 2 aaaae
" Ok [1_(_1)1][2 I

i=1 p=1
i#p
cos(Q +Q )1~ coswjkf ) cos(Q §2 )t- <:osmjk
n m,2
(a;+ szp) (mjk) (ni-np) - (w jk)

I
z Aizgiz {l-coswjtt N (cos2Q r-cosw;;'r) }:\
P LWt @ep? - wh?
T
- Z ( q, () sinwjt (t-n) dn
jk 2(1+v)u n=1
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C.

ko ) Sk 1
) ;Jm_ 2(1+)u nz ( ) J’ qn(n) Sinw jk (t=n) dn

jk 0
o Bl g’
+—— 5. +27] - 22 X
12(1-v?)y n=1{ jnd 2 2l
T 4 T
j q,(n) Sinm;; (t=n) dn + A LI f ap(n) sinmj?((-r-n) dn}
0 0
(9.4-6)
i=1, 2,3

j=1, 2, oco,M

k=1, 2, vou, N

n=1, 2, soey N

Evaluating the remaining integrals of equation (9.4-6) we can now write

3

= L - - m
Ujk(-r) = mz'——:l m {Ajk ujk Bjkvjk cjkwjk} COSwjk't
jk
45 N (s)

Ak * O1x MM ®n
+ m .?) Zin 2 m,2

201+ w;y, s=-8 n=l [( __+s)§] -(wyy)
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os(??-’rﬂ )t -cosw

m
T

gk

K T
- (ByiCy) lk(J") Z A [Y > [1 - (- 1)j]{:

cos(Q-0 )r -cosw

[(Q+Q )7~ (w

m)2

]

T

+ Jk
2[@-2,)% 7]
KT . . CoOS QT -cosw
{ o [1 - (-1)3] + [1 + (-1)3]912 :1 jk
- (w )
jk
P A A Q Q
“Szk[l - ('I)J] E L _L__P'
i=] p=1
ifp
. cos(9i+§2p)'r-cosw;;r cos(Q -Q )t~ costkr }
2 . m.2 A,\z m,2
L (aimp) - (ka G, )

G -0 ) -
\ i ‘p/ \ij/

il m,2
i=p=1 (wjk) (291) = (wjk)

c (s)

-

2. 2 m
A, "Q l-cosw,, T cos2Q,T-cosw 'c
" 2 12i { ik i i ik }

6
o]

Zs nm1 P )R

Y

i(a +s) =
m r - m i(ar‘.’FS)QTqL
{cos mjk'r + - R sin wjk'r- e

B

c

(s)

+S N 2
1 An n
ik S1k) Z(Trom SES ngl 2] %
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(a+s) -
. T - m ila_+s)at
coswjk'r + i p~ Q sin wjk'r - e r

ka

N

+S 4 2

1 [[An 4] 2 ()\n

+ ——— —— - —
Z {sjh[(Z + A 2 2) xjﬁ

12(1- vz)u s=-S n=1

(s)
C (a_ts) . -
n’_ 7 — coswjk'r + 1 rm Q sin “’jnllcr'wjnll e]'(mr+s)QT
(o498 - ) o5
. +5 CB(s)
t A ij =12 m,2
s= -8 [<ar+s)9]. ~(u )
AN
AN
(a+s) _ . -
. }coswjt,n_r + i rm Q sinw:n‘r - e i(apts)ar (9.4-7)
n i J JJ
“ik -/

From equation (9.2-4) the displacement Vik(T) becomes

3
- 1 .
k(D=4 om K’ Uik Dk T ViE i +ijij} cos Wy T
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N T

D, 8
Ak A Ik (\_: [ m
m o 2(14v)u ngl 2l g ) 9p{n) sineg (ren) dn
I
K T
2 Y o j]
+7(Ejk- ij) S1k jv)fgi Ai[ P [1 - (~1)
. - 12 — [cos(ﬁ-i—&?i)‘t-coswjt'f]
230?07
m
N Wik m

ooy e Emomeoni]

. ___1‘. ) m
0 2-( m‘—)Z LCOS Qir - coswjkr]

-

= Ll - ('1)j][

i E a4 0,0
i~1 p=1 2
i#p

m m
) - O - -
cos(Qi+Qp)T CoSw T c:os(“i .Qp)'r cosuw T
2 m,2 2 m,2
(Qi+9p) -(wjk) (Qi-Qp) -(wjk)

A‘ZQ-Z rl - COR"..\?T cos 252;T_-cosmr_nir\ -]
Jjk i i

I
n Z i i | L 508 fyTocosw, .
i=p=1 2 (wjn;( )2 (291)2 - (mjnll)z

0
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N
F 2
__jli __1___ AN
- ol le 2(1+y)y ngl (T) xjn j qn(n) sin w (1’ n) dn
jk

T T

. (n) sinws (1-n) dn + Aam. q,(n) sinw (1-n) dn
94 jk j0 B
0 0

Evaluating the remaining integrals of equation (9.4-8) we have

3
_ 1 3 m
ij(r) = ngl q {- Djkujk +Ejkvjk - ijwjk) cos “’jkT
j
(s)
D.,, 2 6 C
) 2Jk+v) H:,m z:s Zl (_) g [( +I)1'ﬁ]2 m 2
(1 u ik §= -8 n= a_ts -(wjk

m m - m m  i(ap+s)Or
. {wjk coswjk-r + i(ar-is)Q sinwjk'r - wjk e }

L = m
2 yKT {71/ cos (@t )1-cosw ;T

+ (E, -F, ) }s |= z A{ ]_-(_1).] i
L lk(J")i=1 = | ) 2[@+a,) -<w“‘>2]
COS(Q-Q )t-cosw & K

+

[(Q 2,)? (o ]
K To j j 2 cosﬂit-cosw.gr

(=2 [1- o]+ v o] g 2) ST

Qi - (mjk)
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I P

AA Q.Q
712 Ai7p 1
- 8y [1 - (-1) ]Ll p2=1 p_Lp

i#p

m m
- Q -
.{cos(ﬂim i Cosui'LkT ) cos( i+S2P)'c coswjkt }

2 2 m 2
(Qi-ﬂp) - (W

2 m
@)% - W) %

I 2. 2 m m

.\ Z Ai ai 1 - coswjk't ¥ cos 2911--cos “’jkt

f=p=1 2 ( m (20 )2 - ( m)2
“31? i Wik

s +S N 9 c (s)
1k An n
" 21w sz:-S n)-=:1 {_2—} Yio [(ar+s)§ 2-(«»;{()2

)

) (ar+s) - mT_ ei(ar"'S)?Z.'l'}}

+S 2_1\} 2 c (s)
1 An n
-F., 6 _— = .
Jk 1k {2(1+v)u s=z-S n=1 (2) B [(ar+s)5]2 - (wjri)z

jk m jk

(a_ts) =
. {coswt.n-ﬂr i —= 2 sim M - ei(qlrﬂ")QT
w jk

P LZ )} .sjn“fzﬂru‘*] - 22 (%“)ijn}

12(1-\)2)\1 =-S5 n=1
(s)
C (@ _+s) -
2‘2 — { coswjkt + 1 rm Q sinw;nlg - ei(ar_'—s)m}
[(ar+s)a] - W) uft
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+5

. Z CB(s)

+ Am, _
105725 [ewea) - (ugp)?

(a_t9) -
. {coswjt-r + i rm Q sinwji‘t- ei(ar+s)9'r (9.4-9)
jk

i=1l 2, ooy, M

k=1, 2, e0ey N
n=1, 2, ooo,N

r=1, 2, ..., R

3
_ 1 m
ij(r) = Z Y {- ujijk - vijjk + wjkIjk} cos wjkT

=1 Djk
N T
G
ik M1k An m
o ® 2(1+v)u ngl 2) 2"jn fqn(") Sin‘"jk (t=n) dn
jk 0
' ‘\ [ (2] E‘ er To roo il
'( gk | ijlk(j—-d 1£'1 At 1 1)

'{z[mml)z-(wm)z] [cosinye-coso ]
i ik
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+

1

2(@-0,)% )

- 2] [cos(ﬂ Q )T- cos uﬁg }

-{K 2T° [1 - (-1)3] + [1 + (-1)3J 912}

)2 [cosQiT ~ Ccosw jt'rj}.\

{ 1
\ 2 m
Qi -(wjk

i=1 p=1
ifp
cos(Q,+2 )t-cosw "t cos(Q -Q Yr-cosw ™t
i ik _ ik >
N oL m.2 2 m .2
- (Q -0 )" -
L“’iﬁ‘p’ \wjk) -9 (J.k) J
I 2 2 m m
.\ Z Ai Qi 1l - coswﬁi . cos ZQiT-cosw‘&r
fmp=1 2 (w®)? 22,)% - (™)
jk 1 jk
N T
8 2
- 1k (An) in ] qn(n) sinw;; (1-n) dn
jk 2(1+v)uy n=l1 3

jk

L1

S S
wm 1k) 2(1+~

N
)u (An Jn f qn(n) sinm ik (t-n) dn

i L Tl )
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T

T
. j qn( n) si.n,‘,;{< (1-n) dn + Aamjoqu(n) sim_.ujrilC {t-n) dnjl
0 0
(9.4-10)

Evaluating the remaining integrals of equation (9.4-10) we have

3
- 1 - -
W (1) L N { Sk T B T Ijkwjk} cosw;ll(t

G X6 +S N c (s)
- 2(1&\)) = 2: z (A—;) Zin -n2 m,2
¥ s=-5 n=l J [(ar+s)n] - )
(o_+s) l
a -
. [ cosw?{(‘r + i —= Q sinwjtli'r - ej'(mr H)QT}
o wjk
I

m

KT .~ Jcos(QtQ, )t -cosw,, T
2 Y 0 i ik

- -1, ds. [2) © A.[ 1 - (-1)7 {
jk “ik {Ik(;jvr) i 2 [ ] 2[(§+Qi)2 _ (w;l)Z

)

- m
cos(Q—Qi)r-coswjkt

" [@a)? - (0,)?]

m

KT . cos, T-cosw,, T
- © 1 - (-3 + |1+ (-1)3]a.2 L Jk
} 2 [ :l [ ] i 912 - (ij;)Z
I 2 aaqa
- - (-1)3 ipip
S |1 - (-1 ng pgl 5
i#p
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fcos(ni+np)r-co§gj£1 cos(Qi-Qp)r-coswiir
S 2 m,2 - 2 m 2
L ep)® - Wi (20 )% - (3)

m m
z Ai Qi 1-coswjk1' cos 2911' - coswjkT
+ +
1 2 (0.™)? (20)% - (0 ™?
jk 1 ik

; +S N 2 c (s)
1k An n
amw B E[E) o, [CEST R
r 3

+S N 2
1 An 4] 2 (An)
L e I N I SR ft. e
+ 2 Z Z ®in U 2) 2 in
12(1-v7)u| S ~
s= =5 n=1

Cn(S) m i(ar+s)

-2 m,2
(ar‘fS)Q -(mjk) wjk

116



117

g8
Il

(9.4-11)

eeoy M

.0.’ Nl

oo N

LI Y R



10.0 STABILITY ANALYSIS

10.1 Inspection of the Displacement Equations

Inspection of the displacement equations shows that certain

denominator frequency factors, if equated to zero, would render the

displacements unbounded.

the unstable values of the thrust frequency, Q.

10.2 Stability Equations

From UOk(T)

where as defined

If we define

= Wi

earlier (Matheau equation consideration)

a-5,-~4
2 1

8%
2w1

(1+—g’-)M—Q=(2+8)—SL

1

i=1, 2,3

0
= (2 - B) 5;;

(-%if i=1
= < 5 if i=2
3 ifi=3
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(b)

(c)

The solutions of these factors will produce

(10.2-1)

(10.2-2)

(10.2-3)



the eqs. (10.2-2) can be expressed as

_ 2 1 Q
8, = [(1-2) + 618] o (10.2-4)

Substituting for values of i the resulting equations

1=1, 9 =@ -8/2) - (a)
1
i=2, 9, =‘23% (b)  (10.2-5)
1
1=3, 2 =@q+82)L (c)
.

check with equations (10.2-2). Using B8 and €4» We can now present the

From UOk(T)
2 Q
= 3 - € B — = -
Qi [(1 2)" + i ]“’1 W e (10.2-6)
i=1, 2, 3
k=1, 2, ..., N,
From UOk(T)
@+ 5)5]2 -w ) =0 (10.2-7)
r Ok *
I S
|(°‘r + s)‘ W (10.2-8)

k=1’ 2, ...’ Nl

H
I

1’ 2’ ...’R
S = -8 to 1S
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From UjO(T) and WjO(T)
-2 m 2
a - (wjo) =0 (10.2-9)
- _ 8 _ m
Q e “ 0 (10.2-10)
i=1, 2, ..., M1
m=1, 2
From Ujo(r) and Wjo('r)
2 m 2
(29,)" - (mjo)‘ =0 (10.2-11)
m
2 ) 19 . m
2 [(1-2) +€18Jq = (10.2-13)
i=1, 2, 3
j = 1’ 2, ..I, Ml
m=1, 2
From UjO(T) and Wjo(r)
2 m 2 _
(Qi + Qp) - (u;jo) =0 (10.2-13)
, _ m
Q 4 Qp =y (10.2-14)
2 2 8 _ m
1-2)" +(p=-2)"+ (t:i + EP)B q = ij (10.2-15)
i=1, 2,3
i=1, 2, ..., M1
m=1, 2
=1, 2, 3
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F
rom Ujo(r) and WjO(T)

m 2

2
(Qi -Qp) - (ij) =0
_ m
(Qi -Qp) —wjo

. 2 2
(i - 2)" - -2 -
i (p )Y+ (Ei ep)B

From Ujk(r ), ij('r ), and ij(r )

Y 2 - @™ 2 =0
i "Wl T
Q; = @
i w jk
, 2 Q m
-2+ gp] L =
[(1 ) e o, wjk
From Ujk(-r), ij('r), and ij('r)
- 2 m 2 _
(q + Qi) - (wjk) =0
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(10.2-16)
(10.2-17)

m

50 (10.2-18)

2, 3

2’ ...’ Ml

2

2, 3
(10.2-19)
(10.2-20)
(1\4.2‘21)

2, 3

2, weey My

2, .'., Nl

2, 3
(10.2-22)



m
w

Q + Qi)

jk
(1-22+ep+1] & =0
i wy jk
i =
j =
k =
m —
From Ujk(-r), ij('r), and ij(‘l’)
- 2 m 2 _
(Q - 2;) (wjk) 0
. m
Q- Q) = Wik
(1-2% + e - 1|2 —ym
i | w jk
1
i =
J' =
k =
m =
From Ujk( 1), ij( 1), and ij( 1)
2 m 2 __
(Qi + Qp) - (wjk) =0
. m
(Qi + Qp) =y ik

2 2 Q
1-2)"+(p-2) +(ei+ep)8 q
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(10.2-23)
(10.2-24)
1’ 2’ ..', Ml
1’ 2, ...’ Nl
1, 2, 3
(10.2-25)
(10.2-26)
(10.2-27)
1, 2, 3
l, 2, seey }11
1’ 2, ..., Nl
1, 2, 3
(10.2-28)
(10.2-29)
= “?k (10.2-30)



From Ujk(r), ij(r), and ij(t)

(g = 0" - WhO? =0

'(i - 2)2 -( - 2)2 + (e, - € )B|L
i Pl

From Ujk(r), ij(r% and ij(r)

2
(291) - (m?k)z =0

20, = ™
1 Y

m
A

" 5 i Y
2 ]_(1 -2)% + eiBJq =
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2, 3

(10.2-31)

(10.2-32)

(10.2-33)

a2
LY esoy Ml

2, ey N

2, 3

2, 3

1

(10.2-34)

(10.2-35)



From Ujk(T), ij(T), and ij(T)

[_.(o.r + s)§]2 - (m';'k)2 =0 (10.2-37)

m
- Wik Q
Q= ____j_-—-T- = 2 (10.2-38)
I(ar + s) w

j=1’ 2’ LAY ) Ml

k = 1, 2’ toey Nl

10.3 Solution of the Stability Equation

10.3.1 Computer Methods

Reference to the indicial variation in each of the stability
equations shows that the use of hand-made calculations is virtually
prohibitive, so computer solutions must be made available. The indicial
range is of particular importance to the programmer since it determines
the number of unstable values of the thrust frequency 2 which effectively
goeverns the size of the dbmputer operations, something very important to

consider when working with computers of limited memory space.

10.3.2 Equations to be Solved

The stability equations that must be solved and the number of
unstable values that each equation will render for values of M,, Nl’ R,
and S, are summarized in tabular form for the convenience of the programmer.

As in the previous stability analysis of Tech. Memo. No. 38, values of
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M1 = N1 = 10 will be used leaving only R and S to vary in equations

(10.2-8) and (10.2-38).

Stability Equation Number of Unstable Values
of Thrust Frequency 0

1. Eq. (10.2-6) 30

2. Eq. (10.2-10) 20

3. Eq. (10.2-13) 60

4. Eq. (10.2-15) 180

5. Eq. (10.2-18) 180

6. Eq. (10.2-21) 900

7. Eq. (10.2-24) 900

8. Eq. (10.2-27) 900

9. Eq. (10.2-30) 2700

10. Eq. (10.2-33) ' 2700

11. Eq. (10.2-36) 2700

12, Eq. (10.2-8); The number of unstable values of

the thrust frequency Q for values of R and S are

given below

1 2 3 4 5 6 7 8 9 10
20 40 60 80 100 120 140 160 180 200
40 80 120 160 200 240 280 320 360 400
60 120 180 240 300 360 420 480 540 600
80 160 240 320 400 480 560 640 720 800

100 200 300 400 500 600 700 800 900 1000
120 240 360 480 600 720 840 960 1080 1200
140 280 420 560 700 840 980 1120 1260 1400
160 320 480 640 800 960 1120 1280 1440 1600
180 360 540 720 900 1080 1260 1440 1620 1800
10 200 400 600 800 1000 1200 1400 1600 1800 2000

O 0 N O W
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13. Eq. (10.2-38) : The number of unstable values
of the thrust frequency Q for values of R and S are
given below.
1 2 3 4 5 6 7 8 9 10

1| 600 1200 1800 2400 3000 3600 4200 4800 5400 6000
211200 2400 3600 4800 6000 7200 8400 9600 10,800 12,000
311800 3600 5400 7200 9000 10,800 12,600 14,400 16,200 18,000
4| 2400 4800 7200 9600 12,000 14,400 16,800 19,200 21,600 24,000
r 2 |3000 6000 9000 12,000 15,000 18,000 21,000 24,000 27,000 30,000
63600 7200 10,800 14,400 18,000 21,600 25,200 28,800 32,400 36,000
7| 4200 8400 12,600 16,800 21,000 25,200 29,400 33,600 37,800 42,000
8| 4800 9600 14,400 19,200 24,000 28,800 33,600 38,400 44,200 48,000
9 | 5400 10,800 16,200 21,600 27,000 32,400 37,800 43,200 48,600 54,000
10 { 6000 12,000 18,000 24,000 30,000 36,000 42,000 48,000 54,000 690,000

10.3.3 Analysis of the Stability Equations

equations (10.2-6) thru (10.2-38) contain the stability parameter 8

where

With the cxception of Eqs. (10.2-8) and (10.2-38), the stability

A0) =1 + T

a =

B = %- sin-1 {}A(O)] %

a3/2

Y

. Ta
sin —=
2

16(1 - a)

8hr LT K
_ o

1¢

(10.2-39)

(10.2-40)

(10.2-41)

which shows that 8 is a function of ? by virtue of equations (10.2-40)

and (10.2-41).
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The stability equations (10.2-8) and (10.2-38) contain the
parameter ¢ which is determined from beam theory presented in Tech.
Memo. No. 35. A FORTRAN IV Computer Program is being prepared that will
render solutions to the stability equations (10.2-6) thru (10,2-38) for
a given thin-walled cylinder. This computer program will be made avail-

able as an appendix to this report or as a separate publication.
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11.0 CONCLUSIONS

11.1 General Comnment

This report is a continuation in the analysis of the dynamic
structural behavior of a large rocket booster during powered flight.
The thin cylindrical model used in this consideration was subjected
to the same time-varying, gimbaled thrust as that used in NSL Tech.

Memo. No. 38.

11.2 Natural Frequencies

The natural frequencies of the free vibration of a free-free,
thin-walled circular cylindrical shell were obtained. Since the
homogenous porticn of the transformed equations (9.1-3), (9.1-4), and
equations (9.1-12) thru (9.1-14) are idéntical to those of Tech., Memo.

No. 38, the natural frequencies for the cylinders will be identical.

11.3 Unstable Values of the Thrust Frequency, .

Referring to 10.0 STABILITY ANALYSIS of this report, and
comparing the stability equations of Hill (ref. 1), one can see that
the present analysis has rendered two additional stability equationms,
(10.2-8) and (10.2-38). This was to bé expected since consideration
of the end displacements q*(g, 1) of the cylindrical model used in

this analysis have added nonhomogeneous terms to the forcing t

P s [200t)] 10 [pio(e)] 5 (040 1o [0y 0] 0 ane e, (r]
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I . APPENDIX A. STRESS RESULTANT - DISPLACEMENT RE LATIONS

} A-I Nondimensionalizing the Equation

The stress resultant equation is written

h
i R
l
l

Substituting the relations into equation (A-1)

| 7=
1

T v=1, w=14 (A-2)
and performing the required derivatives results in the following
dimensionless expression

=1 r o\_ / - -]
Eh ou v v =)
= - —_— - (A~
Ng_ —>3 3E + - (L 36 W/J (A-3)
I-v L )

A-I1 Edge Conditions

Substituting the chosen approximating forms for K, v, and w

(see Section 6.2) into equation (A-3), we have

_ _Eh mw . mm
NE— 1 \)2 [— 2 sin 2 (E‘H.) cos ne] Umn(,r)
1-2 T
-1\) ’ -
~En 7 (l-ycos @y cos K¢ (1-g)

L (A-4)
, +"? [sin ?(&4—1) n cos ne]an(T) + g%(&, 1) cos®

- [sin mTT-'(£+1) cos n e]Wmn(T) + h*(&, T ) cos 6}
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At £= -1

2 T
_ _Eh (I-v) "o o
NE - 5 - & 5 (1-Ycos @t) cosk¥ (2)

+L?v [8*(-1, T) cos 8 -h*(-1, T) cos e] (4-3)

= - To(l - Ycos ?ZT) cos KV (A-6)

N, =5 L % [g*(ﬂ, 1) cos8 - h¥(+1, T) cose] =0 (4-7)
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APPENDIX B. REPRESENTATION OF THE ¢ -FUNCTIONS

“ B-I1 ¢-Functions for the Free-Frec Beam

The ¢-functions and their derivatives for the free-free beam are

summarized below.

A . A A
¢n(g) = cosh 7‘1 (&+1) + cos -;B (e+1) - a [sinh i—g (E+1) + sin 711 (£+1)]

(B-1)
b A A A A A
ddgn =2_n {sinh -22 (g+1) - sin 2—n (g+1) - * [cosh 711 (&+1) + cos -—23 (€+1)j>
(B=2)
d 'n_"n n An r n . . n, ]
T — —— - — - —— - e 41)
> ’ {c:osh2 (&+1) - cos 5 (e+1) aaninh 5 E+1) sin 5 kEH.J,J, 4
g (B-3)
3 A 3 r )\n A A A )
%?% = 3~ (sinh & (8+41) + sin 3 (E41) - an.Egsh 7= (E41) - cos = (g+lﬂ}
as L (B-%)
4 ALG A 3 A 7
d%n _ “*n n o n . rn o, !
;Z- = 5 cosh 5 (6+1) + cos 3 (E+1) - “n[sinhT (E4+1) + sin 5 (&1 )J
N (B-5
B-I1 Evaluation at the Ends
N N
Z (+l)= Z [cosh A tcosa - an(sinh A, tosin An) -2]
n=1 ¢n‘-1 n=1
3
N
ngl ¢n'(_-*--i)= ngl [sinh An - sin Aa T %y (cosh A, T cos >‘n) + 2°‘n]
' =2 (-1.96500) n =1
=0 n=2
= ¢=2(-1.99993) n=3
=0 n =4
=2 (-2.00000) n=5 (B=7)




™
-
5 —
T
==
i
23
itM=

[cosh A_-cos A =-a_ (sinh A - sin A )]
| n n n n n

= 0 for all integer values n (B-8)

ﬁ-—
e
—
M=

[sinh A tsin A - a (cosh A - cos ) )]
I]==l TI==1 n n n n n

= 0 for all integer values of n (B-9)

Y W) -

3
i1tMl=

[ - + s _]
' LCOSh A, tcos A - a (sinh Ay T osin ) -2

N
o N n| i
= 211 + {-1) (B-10)
t;gl L =
Observe that
A 4
d ¢ Ay
n
= ¢ (B-11)
d£4 16 n
and
11t
o, = o (B-12)
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APPENDIX C. EVALUATED COEFFICIENT INTEGRALS

The evaluated coefficient integrals appearing as Equations (3.0-17)
through (3.0-23) of Section 3.0 - LIST OF TERMS AND INTEGRALS APPEARING

IN THE REPORT, are presented as follows:

+1
mg =f £ sin <& (gtl) dg

-1
= jin [1 +( -1)j] (G-1)
+1
T = f sin X (e+1) d¢
-1
-2 j
=2 [1- -0 (c-2)
3 +1 ‘ 3
— O L
S0 = HZ { f ¢_(£) sin < (£+1) da}
-1
3
j
= 2(3"’)3 [l ; ( -IZJ cosh A +cos A -2
= fgmt -t
- o [sinh }‘n + sin An] (c-3)
3 +1
) f 6 1(8) sin 4T (£41) dg
n= -1
- r-: / <~|\J
= 2(jn) e sinh A_ - sin A
nZ: G - )‘nﬂ 1 a
|
| ' - a_[cosh A_+cos A_ - 2] (C-4)
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where

jn

jn

jn

|

1
i f¢n”(e) sin 48 (g41) ag

n=1

-1
]
~2(im i x 2 '&Ll)] cosh A - cos A -2

=1 " [(5m* - xn“]

a {sinh A+ sin A = - An s
n [ n n] = (jw)z jn (C-5)

3 +1
)3 f¢n"'(£) sin 3¢ (£41) ds}

n=1 -1

| ]
~2(jm i 2 2 L - ¢n]] {sinh A, = sin A

n=1 n [(;jw)4 - An4]

e
o [cosh A, + cos An'- 2] J) = - gé'l (;-“)2 tJn (C-6)
3 +1
Z fqpn'(g) cos 121 (¢+1) dﬁ}
n=1 -1
j
2 An3 Ll '4(-1) 2 cosh )+ cos A, - 2
= [(j'n) - Xn ]
3
a [sinh A+ sin A ] = *n s (C-7)
n n n = (J..")3 jn
J =1, 2, cae, M (c-8)
4
4 _ 2 m (2L)
o T4 FT (¢-9)
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The characteristic number An for the free-free beam for integer

values of n has been calculated in Young, (ref. 10).

, = 500.5639 (a)
A% = 3,803.5390 (b) (G-10)
2 20U -
4 _
Ay = 14,617.6299 (c)

The values of an are as follows

al = 0.9825 (a)
02 = 1.0007 -~ (b) (Cc-11)
a = 0.9999 (e)

Having the values of An available, we can now determine the
natural circular frequency of the nth mode of vibration of the free-

free bLeam (cylinder of equal mass)

2
s = l7L) Vo (€-12)

) EI
where

E - modulus of elasticity of beam (cylinder) material, 1b/in2.

I - moment of inertia of a cross-section of the beam (cylinder)

. 4
about its neutral axis, in .

, m - mass per unit length of the beam (cylinder), lb-secz/inz.
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